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MPC Formulation: System Model

® General discrete-time nonlinear systems:

635%“" r(t+1) = f(x(t), u(t))
y(t) = h(z(t))

® State and Control constraints:

Yob\)t

x(t)e X wu(t)elUd (2)

W) = e Coxe)
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MPC Formulation: Online Optimization Problem
/.j °?+1M|U'L|';v,

® At time t: solve the following N-horizon optimal control problem:
AN N Q i« (o

R 0N e N vy )
bj. to: = k=0,....,.N—1
PN(ZU(t)) : VN(x(t)) — subj. 10 Lr+1 f(a:kyuk)7 ) ) \)/
—~——— rr € X,up €eUU,k=0,..., N —1 runn
. 4
O@‘hm\ 20t \)Y\bl(w\ \ N € Xy, x0 = z() Ceit
—that v(CFCV\d/) oN Cuvret Staky (3)
® Uy = (ug,u1,...,un_1): overall control vector

e XYy C X: terminal state constraint set
® Assume nonnegative cost functions: Jy : X - Ry and [ : X x U — R,

® Given x(t) at time ¢, optimal control sequence u,...,u5_; can be found
via numerical optimization
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MPC Formulation: Receding Horizon Implementation

past | future

predicted o

u(t+k|t)

utputs y(t+k|t)

t+1

g 0 manipulated inputs
t
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t+N

manipulated inputs
u(t+1+k(t+1)

u(t+1§)

|

t+1 t+2

t+1+N

® At time t, solves an N-horizon optimal control problem (3)

® Apply the first step of the optimal control sequence

® At time t + 1, horizon is shifted and the optimal control problem is solved
again using newly obtained state information
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MPC Diagram

Model Predictive Controller

\W(o(ﬁfw” 9“[’
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rpi1 = f(2f)ur)
€ X,u, €U
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rN € X¢,x0 = x()
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Main Topics of MPC

® Computational Issues:
- Standard MPC forms and their online optimization algorithms (this lecture)

- Explicit MPC: solve the optimal MPC control law offline to simply online
computation

® Theoretical Issues
- Recursive feasibility

- Closed-loop stability : & D (Pyrexsc rormmivy Hreemy + b/apun.s)

® QOther topics Vol o /fvnd-w
Distributed MPC

Stochastic MPC

Embedded MPC
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MPC of Linear Systems

® Linear MPC problem: linear dynamical system + polyhedral state/control
constraints + convex cost functions L
0 \M\ZW‘WQ"\

® At time t¢: solve the following N-horizon optimal control problem:

(ming,  Jn(x(t),Uo) £ Jp(zn) + X p g Uk, ug)
subj. to: zg41 = Axg + Bug, k=0,..., N—-1 — (4)

P t): V t)) =
~N(z(1)) N (z(t)) = < Ay < by, Ayug, < by, k=0,.... . N—1
AfCUN Sbf, 330:93(75)

\
OY'“M'IZD\‘&‘W\ VOL(\\o«ue: uO __{\lo, 0w, - “N.:J c |RNM x|

® Cost functions Jy(x(t),Uy): 2-norm, 1-norm, co-norm:

- 2-norm: 2N QN + Y opso (zh Qi +ui Rug) _/ LeXs wetk w?t:h“
— «

- 1/ocmnorm: Qs lp + SN (1Quklly + | Rurlly), p = 1,00, Q, Qy, R are ful
column rank matrices

- Recall: [|z]ls = 3 [a:] and [|z]|o = max; |a;]
— T 2 B
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Batch Formulation of Linear MPC (1/4)

® \ector form of prediction model over N horizon:

- x(t) | B
I A
X Se

0 e o0 7 . )
B 0 ... 0 uo
x(t) + AB
AN_lB B N UN_l -

® Define X = S*%z(t) + S"Uy

® 2-norm cost function becomes: Jy (z(t),Uy) = X' QX + Uy’ RUy,

"7Q7Qf}7©i0

- R = diag{R,...,R},R >0
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Batch Formulation of Linear MPC (2/4)

® Substituting the expression of X:
In(z(t),Uo) = (8%2(t) + S U TO(S2(t) + S*Uy) + UpT RUs
= U™ ((8")" @S™ + R)Up + 22" (1)(8%)" QS"“Up + =" (t)((8")" QS™)x(t)
- 5 —r R
= U HUy + 221 (t)FUy + 1 (1) Yz (¢)

s CAECHE AR v

(2”5“’(0\\H\¥S 2 /-\(X Wi € er J k-‘-&\;?.- - N A\"-MKS LV\ ; L:o,..,\j_l
([ Ax % \L"W b
Ax "‘l\\ < b" LMAM [u e \:,\
Al \ - ‘ ,‘
K\f\z\/ z:v_— \l’fﬁ A Yae| b
Y ~
AO( l b "\~
N N/ 7-‘“ % /E.n
‘ <
Ay (C« i) + G, \XD < bx  Pitting them b gethon Xk

A ~- ~ N _f\.\/
ﬁf}@@i b — /—\«5'1—91(‘2/ = [A%f“ U S{&_é‘%}

Linear MPC Problems Advanced Control for Robotics Wei Zha#ig (SUSTech)



Batch Formulation of Linear MPC (3/4)

® Polyhedral constraints can be reduced to:

N

l GOUO S %‘F/E@%(tm

where Gg, wq, Eg, z(t) are known matrices/vectors at time t.

QP ster: min SU it Gu +@
Sul @u,g/@
L G <u. < )

N\\7C_ 2) {v.\;.{n ASH W, + onwy U, + 'XES(BH)

Sk G lUs € wo + a6 )
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Batch Formulation of Linear MPC (4/4)

® Pn(xz(t)) boils down to a quadratic programming (QP) problem:

F Y

f

ming, In (z(t),Uo) = [Ug ,x(t)"] :c(g)

Vv (z(1)) = 4 (6)

| subj. to  GoUp < wo + Eox(t)

- Whenever H = 0, the above QP with affine constraints is a special convex
optimization problem, which can be solved very efficiently

- Optimization variable is Uy; all parameters are known and constant;

- x(t) is the measured state at each time ¢, which is also known before solving the

QP.
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e Linear MPC Example: Cessna Citation Aircraft
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Linear MPC Example: Cessna Citation Aircraft

Example 1 (Cessna Citation Aircraft).

Linearized continuous-time model: (at altitude of 5000m and a speed of 128.2 m/sec)

[ —-1.2822 0 0.98 0 | —0.3 ]
o 0 0 1 ol | o |,
- —5.4293 0 —1.8366 O —17
| 1282 128.2 0 | 0|
o 1 0 o0
YZlo 0o 0o 1"
® |nput: elevator angle
® States: x1: angle of attack, xa: pitch angle, Angle of attack

x3: pitch rate, x4: altitude

® Qutputs: pitch angle and altitude

horizon  pitch angle S

® (Constraints: elevator angle £0.262rad
(£15°), elevator rate £0.349 rad/s (£20°/s),
pitch angle +0.650 rad (+37°)

® Open-loop response is unstable (open-loop poles: 0, 0, —1.5594 + 2.297)
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Linear MPC Example: LQR vs. MPC with Quadratic Cost

® (QQuadratic cost
® [inear system dynamics

® | inear constraints on inputs and states

LQR MPC
oo N-1
Vi(z(t)) = man Z(m?@azt + uj, Ruy) Va(x(t)) = mgn Z (z{ Q¢ + uj Ruy)
k=0 k=0
S.t. Tht1 = Axp + Bug S.t. Tr+1 = Axk + Bug
xo = x(t) xr € X,up €U
Neo  consbeint - ) ) zo = 2(t)
opﬁnal emtn| Law: ) = —kwk"’){ (f—)

® Assume: Q = Q1 >0, R:RT>(Q
Liocant 3704 AI'\""
DP D ke
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Linear MPC Example: LQR with Saturation
ler Kap be tha br‘(fm,.(

10R Ham

At time t = 0 the plane is flying with a deviation of ( _ 15 Hharwity
10m of the desired altitude, i.e. g = [0;0;0; 10] -k k“”“\>

Linear quadratic regulator with saturated inputs.

300 x x x x x x x x x 2 Problem parameters:
Sampling time 0.25sec,
Q=1,R=10

—_—

200 -
100

0

-100 -

Altitude x , (m)
Pitch angle x,, (rad)

Closed-loop system is unsta-
ble

-200 -

-300

Time(seconds)

Applying LQR control and
saturating the controller can

LLI_LLL lead to instability!

10

o
o

Elevator angle u (rad)
o

S
(&)}
o
-
N
w
S
o L
(e}
~
oo
©

Time(seconds)
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Linear MPC Example: MPC with Input Bound Constraints

MPC controller with input constraints |u;| < 0.262

150 w w w w w w w w w 15 Problem parameters:
1 Sampling time 0.25sec,
Q=1,R=10, N =10

100
0.5

(o))
o

0

Altitude x , (m)
o

-0.5

o
o

Pitch angle x,, (rad)

oo ) The MPC controller uses the
150 | | | | | , , s knowledge that the elevator

Time(seconds) will saturate, but it does not
consider the rate constraints.

o
)

—System does not converge
to desired steady-state but to
a limit cycle

Elevator angle u (rad)
o
T
Il

o
o

10

o
N
N
w
N
3
o
~
(o
©

Time(seconds)

Linear MPC Example Advanced Control for Robotics Wei Zhang (SUSTech) 18 / 24



Linear MPC Example: MPC with all Input Constraints

MPC controller with input constraints |u;| < 0.262
and rate constraints |u;| < 0.349, approximated by

\uk — uk_l\ S 0.349TS

Problem parameters:
20 — e — — Sampling time 0.25sec,

o 2s @QQ=1,R=10, N =10
£ 101 =,
o O o 2
3 2 The MPC controller con-
= -4-0.1 < . .
= 10r ', & siders all constraints on the

-20 I I I I I I I I I -0.3 aCtuator

0 1 2 3 4 5 6 7 8 9 10
Time(seconds)
02 | | | | | | | | | Closed-loop system is stable

°
—
T
I

Efficient use of the control
authority

Elevator angle u (rad)
o
T

\
©
N
T
I

o
N

o
N
N
w
SN
3
o
~
©
©

10
Time(seconds)
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Linear MPC Example: Inclusion of State Constraints

MPC controller with input constraints |u;| < 0.262
and rate constraints |u;| < 0.349, approximated by
\uk — uk_l\ S 0.349TS

Problem parameters:
Sampling time 0.25sec,

150 T T T T T T T T T 1

100
<10.5

E s S Q=I1,R=10, N =10
g e 0 g
£ l..5  Increase step :
= ol Pitch angle ~ 0.9, i.e. -52° |%°& . P .
e— | At time t = 0 the plane is fly-
_150 | | | | | | | | | _1 . . . .
o 1 2 3 4 5 & 7T 8 9 10 ing with a deviation of 100m

Time(seconds)

of the desired altitude, i.e.
xo = [0;0;0; 100]

® Pitch angle too large
during transient

0.5

Elevator angle u (rad)
o

o
o

10

o
N
N
w
SN
o -
o
~
©
©

Time(seconds)
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Linear MPC Example: Inclusion of State Constraints

MPC controller with input constraints |u;| < 0.262
and rate constraints |u;| < 0.349, approximated by

\uk — uk_l\ S 0.349T8

150 T T T T T T T T T 1

100 T
E st 17 E‘; Problem parameters:
g 0 ° 5 Sampling time 0.25sec,
Z = ls8 Q=1,R=10, N =10
100 | Constraint on pitch angle active .
o S S 0 Add state constraints for pas-
o | | | | | | | | | senger comfort:

22| < 0.650
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o
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o

a
o
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N -
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Linear MPC Example: Short horizon (1/2)

MPC controller with input constraints |u;| < 0.262
and rate constraints |4;| < 0.349, approximated by
\uk — uk_l\ S 0.349T8

100 - T T T T T T T T T -1 1.5

a
o

Problem parameters:
Sampling time 0.25sec,
Q=1,R=10, N =6

Altitude x , (m)
o
Pitch angle x,, (rad)

o)
o

_100 | | | | | | | | | _15
0o 1 2 3 4 5 6 7T 8 9 10 Decrease in the prediction

Time(seconds)

horizon causes loss of the
stability properties

0.5 T T T T T T T T T

Elevator angle u (rad)
o
T

0.5 I I I I

Time(seconds)

Linear MPC Example Advanced Control for Robotics Wei Zhang (SUSTech) 22 /24



Linear MPC Example: Short horizon (2/2)

MPC controller with input constraints |u;| < 0.262
and rate constraints |4;| < 0.349, approximated by

lup — uk—1| < 0.3497T

20 T T T T T T T T T 0.2
= 10 H0.1 g
£ ~ Problem parameters:
x . .
g 0 - Sampling time 0.25sec,
= ©
2:_1()% 7_0.12 Q:I, Rle, N:6
-20 | | | | | | | | | -0.2
0 1 2 3 4 5 6 7 8 9 10

Inclusion of terminal cost

Time(seconds)

and constraint provides
stability

0.2 T T T T T T T T T

0.1 -

-01 .

Elevator angle u (rad)
o
T

-0.2 | | | | | | | | |

o
N
N
w
N
(6]
»
~
(o]
©

10
Time(seconds)
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Conclusion

® |ntroduced general model predictive control formulation:

- At each time t, update current state x(¢) and solve an optimal control problem
over a finite look ahead horizon with x(¢) as the initial state

- Apply the first step of the obtained optimal control sequence to the system

- t < t+ 1 and repeat the above steps

® For linear systems: using 2-norm, 1-norm, or oo-norm cost functions all lead
to tractable solutions for the online optimization problem Near e

(ETH: Mova

® Powerful toolbox: Multi-parametric toolbox (MPTlé—/“ ﬁ Be“ﬂm/}ﬁ
| Bowve !( \

Be- el Lj

N\\]C _\'OQUMN ¢
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