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Towards Exponential Coordinate of SO(3)

® Recall the polar coordinate system of the complex plane: (
- Every complex number z = = + jy = pe’?

- Cartesian coordinate (x,y) <> polar coorindate (p, ¢)

- For some applications, the polar coordinate is preferred due to its geometric

meaning.
= [ Ff-1, det(e)= 1]
® For any rotation matrix R € SO(3), it turned out R = elwl?
- : unit vector representing the axis of rotation

- 0: the degree of rotation

- w0 is called the exponential coordinate for SO(3).
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Exponential Coordinate of SO(3)

Proposition 1 (Exponential Coordinate <> SO(3)).

® For any unit vector [w] € so(3) and any 6 € R,
4— Va /raf Yotstion mettiX
@ € SO(3)

® For any R € SO(3), there exists @ € R3 with ||&|| =1 and 6 € R such that
R = l©lf
exp: [w]f € 30( ) — ReSO(3)
. R €S0(3) — [2]0 € so(3)

® The vector wh is called the exponential coordinate for R

® The exponential coordinates are also called the canonical coordinates of the
rotation group SO(3)
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Rotation Matrix as Forward Exponential Map
® Exponential Map: By definition

0? 0>

e[w]9:I+9[w]—|—§[w]2+ oyl W] + - -

® Rodrigues’ Formula: Given any unit vector [w]| € so(3), we have
el = I + [&] sin(0) + [@]?(1 — cos())

Fact: i)z, +hen (W)=-C&) (R):- (Y E®]¥: (82 (w)

[0 a = -w)*
TR SR G (1) + () +
—W+(@-—°-T+Jg]—g4- (%) + (———‘—— {f---)m‘
N \/-\r ' —
Sing |-Chzo
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Examples of Forward Exponential Map

® Rotation matrix R, (#) (corresponding to z6)

\ 0 © O O ©°O
R"*(&M’) :{CQ)0 - I '\-(D/\O- [04 -/ + \P(qb{o -2
( 0 9 O ST ° o=l
:{0) E\(:] 9 - =([ro @
V) o | > © (=o -S-V'/O
© SMO (o)
® Rotation matrix corresponding to (1,0,1)1« oxp ewlncle
[ } = - 0k
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Logarithm of Rotations

o |[f R=1, then &# =0 and @ is undefined.

® |f tr(R) = —1, then 6 = 7 and set w equal to one of the following

1 ?“13 1 r12 1 14711
1+ 792 T21
V2(1 +r33) 1+7~33 V21 +722) 39 V214 r1) ral

® QOtherwise, 0 = cos™ (

N | =

(tr(R) — 1)) € [0,7) and [&] = m(f{ — RT)
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Euler Angle Representation of Rotation

20y <a Za

® A common method of specifying a rotation matrix is through three
independent quantities called Euler Angles.

® Euler angle representation
- Initially, frame {0} coincides with frame {1}

- Rotate {1} about zp by an angle «, then rotate about ¥, axis by 3, and then
rotate about the 7}, axis by . This yields a net orientation °R; («, 5, 7)
parameterized by the ZYZ angles («, 3,7)

CORi(0,6,7) = BBy (B)R-() & R (B v )= TP
(A//\G — [o} (-"23
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Other Euler-Like Parameterizations

® QOther types of Euler angle parameterization can be devised using different
ordered sets of rotation axes

® Common choices include:
- LY X Euler angles: also called Fick angles or yaw, pitch and roll angles

T Reb) Ry(B) Rx(r)

- YZX Euler angles (Helmholtz angles)

B PFitch
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Exponential Map of se(3): From Twist to Rigid Motion

Theorem 1.
For any V = (w,v) and 6 € R, we have eV’ € SE(3)

® Case 1 (w=0): eM? = { S ]

0 1
® (Case 2 (w # 0): without loss of generality assume ||w|| = 1. Then y
" (2
eV10 — [ 6[0]9 G(f)” ] . with G(0) = I6 + (1 — cos(8))[w] + (6 —sin())[w]®> (1)
b | E el _
Vv el :[ | )= [““3 "\] clg™ M Gy
\ \ g ANAAA
_ éx))(.)
forworl Jnap — frm <el)  —> Gy
e K /"’MCHI‘M Lzt +roa .(fwm-z‘.\n
Show 4xi3 Mén‘)(
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Log of SE(3): from Rigid-Body Motion to Twist

Theorem 2. (Q ’P)

Given any T = (R p) € SE(3), one can always find twist ¥V = (w,v) and a scalar 0 such

that S
vie _—_ | B p
e —T—[O 1}

Matrix Logarithm Algorithm:
® If R=1, then set w =20, v =7p/||p||, and 8 = ||p||.

® Otherwise, use matrix logarithm on SO(3) to determine w and 6 from R. Then v is
calculated as v = G~ 1(0)p, where

G1(0) = %1 T (1 ~ L os 9) w2

2 0 2 2
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Exponential Coordinates of Rigid Transformation

® To sum up, screw axis S = (w,v) can be expressed as a normalized twist; its
matrix representation is

5] = [ el ] & se(3)

® A point started at p(0) at time zero, travel along screw axis S at unit speed
for time ¢ will end up at p(t) = elsl*5(0)

® Given § we can use Theorem 1 to compute elSlt ¢ SE(3);

® Given T € SE(3), we can use Theorem 2 to find S = (w,v) and 6 such that

elS10 — 1
‘.j—- 3/ T‘ [-ng Mméin S

® \We call 56 the Exponential Coordinate of the homogeneous transformation
T € SE(3)
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e Instantaneous Velocity of Moving Frames
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Instantaneous Velocity of Rotating Frame

e {A} frame is rotating with orientation R4 (t) and velocity wa (%) at time ¢
(No;\e everythmg is wrt {O}-frame)

® et w@ = log(RA(t)) be its exp. coordinate.

- Note: w0 means R4(t) can be obtained from the reference frame (say
{O}-frame) by rotating about @w by 6 degree.

- w0 only describes the current orientation of {A} relative to {O}, it does not
contain info about how the frame is rotating at time t.

® \What is the relation between w(t) and R(t)?
d

ZRat) = wa(®)]RA() = [walt)] = Ra(t)R," (t)
R = [Mab Yt 248
M= wax ) = [wa) oty o 0= Yy | 20-(s3z

) QA = (WA) Ra =) [Wf\-_] = 'éA(-t)- ﬁk(ﬂ-,

|

l
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Instantaneous Velocity of Moving Frame

e {A} moving frame with configuration T'4(¢) at time ¢ undergoes a rigid body
motion with velocity V4(t) = (w,v) (Note: everything is wrt {O}-frame)

® The exponential coordinate SO = log(T'4(t)) only indicates the current
configuration of {A}, and does not tell us about how the frame is moving at

time t.

® What is the relation between V4 (t) and T'4(t)7

%TA(t) = VAOITa(t) = [Va(®)] = Ta()T3 ()

TA:[Q" /yA) , & freme ow bt dekermised wg directin vertm o4
T ——————
2 ) s and g p

Frtt o ki

Tn homestneons  ssovol nalt - Ny = [%\] : %=[‘34] %{7
0 R )

5 - A T [

%=(VA]/S?A , =y o TA‘DZ\]TA g_‘g (VA—]::D\_’;\*I
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