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Kinematics

Kinematics is a branch of classical mechanics that describes the motion of
points, bodies (objects), and systems of bodies (groups of objects) without
considering the mass of each or the forces that caused the motion

® Forward Kinematics: calculation of the configuration T' = (R, p) of the
end-effector frame from joint variables 6 = (64,...,60,)

® Velocity Kinematics: Deriving the Jacobian matrix: linearized map from the
joint velocities to the spatial velocity of the end-effector
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Basic Setup (1/3)

® Suppose that the robot has n joints and n links. Each joint has one degree of
freedom represented by joint variable 6;, 1 =1,...,n

- 0;: the joint angle (Revolute joint) or joint displacement (Primatic joint)
® Specify a fixed frame {s}: also referred to as frame {0}
® Attach frame {7} to link 7 at joint ¢, fori=1,...,n
® Attach frame {b} at the end-effector: sometimes referred to as frame {n+1}
® iS,: screw axis of joint i expressed in frame {i}

® °S;: screw axis of joint ¢ expressed in fixed frame {0} (i.e. frame {s})
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Basic Setup (2/3)

® |llustration Example:

e : Q= () °w.=[§]

) Guo: Find asérvus;ms o]L °Tb o terms DT B.,0..0, by
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Basic Setup (3/3)

® For simplicity, we write configuration as 1, which is the same as *7}.
Similarly, Tij = 'LCZT7

® Note: S; does not change when the robot moves (i.e. when 6 changes), but
°S; depends on 61, ...,60;. Sometimes, we write out the dependency explicitly,

l.e. 081'(91, ceey 91)

® Define home position: #1 =0,...,60,, = 0. This is the configuration when all
the joint angles are zero. One can also choose other fixed angles as the home

position

® Define °S; = °S;(0,...,0): the screw axis of joint i expressed in frame {0},
when the robot is at the home position.
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Outline

e Forward Kinematics: Product of Exponential Formula
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Product of Exponential: Main Idea

® Goal: Derive T (01,...,0,)

® Compute M T5(0, ..., 0): the configuration
of end- effector when the robot is at home
position

® Apply screw motion to joint n: Z‘fﬁ(@z ...,0,0

® Apply screw motion to joint n — 1 to obtain:
Tsp(0,...,0,0,_1,0,) =

® After n screw motions, the overall forward kinematics:
Tsp(01,...,0,) = e'51101[°52102  ,[%Sn]0n p p

Pvndw;(' af_ 2)(,)_
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PoE: Screw Motions in Different Order (1/2)

® PoE was obtained by applying screw motions along screw axes °S,,, °S,,_1,
.. What happens if the order is changed?

(SR =
M 7 4 —
Ro1 A=y jrme
: .. M\ : =
® For simplicity, assume that n = 2, and let us apply screw motion along 254

first:
_ sb(el,o) — e[031]191]\4
- Now screw axis for joint 2 has been changed. The new axis
0Sy = 082(91,0) 7é 032.
?r-’]'é.

5 550 = IS, e 72
bx| éx6 6|
OFe 3§ s=Ph)s & [¢)= T[T
(Ra)- R 6)R 4x4 e dxy
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PoE: Screw Motions in Different Order (2/2)

_ st(el, (92) — 8[032]1926"317(6)17 0)

~—— s —
e " AN ST Y ‘ -; 2
From the “ Fact ” Va gj@.} _ CTE 171700 :Tefgjo T,_l
whet T= €[§|J0| T
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PoE Example: 3R Spatial Open Chain

P To= Ty =5y (1.8, 05)

st 40 M= r—o‘zg’ '.tﬂ
- " Ly |
v Vv J |
Q »
SJW{ 2. Gi=(w,y). w= (’] , Ik ‘tf[:’:) assume tors s
V,= [:9) M Fo{,‘_AM
S ¢

Sa= (U 1), Wo = _°|:] ) ik 47-=[Lo-j Y =_(/2x‘21=[2:]
o o L

Talogroy)= 97 O30
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Jacobian

® Given a multivariable function x = f(0), where x € R™ and 6 € R"”. lIts
Jacobian is defined as

AY g AY 8f7/ mXxmn
J(Q) a [89 (9)] a laej:|i§m,j§n <
Myen WMstn «
Q'b; 0(:29'2-\-502’3 ‘S;'C‘L?““\

=2 =E [0

® |[f x and € are both a function of time, then their velocities are related by the

Jacobian: of ot
. - % o
”3:[89( )] _'](9)9—@ % S8

— 6’!.

J3.0) T S
e Let J;(#) be the ith column of J, then & = J;(0)6; + - - - + J,(0)6,

- Ji(0) is the velocity of x due to_é’i (while 0; = 0 for all j # i)
Mk 0= 9= 0 T gz . om0 D
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Analytic vs. Geometric Jacobian

® A straightforward way to characterize the v(eJocit¥ )kinematics is through the
1R

Analytical Jacobian A -
== )

® Express the configuration of {b} using a minimum set of coordinates x. For
example:

- (1,22, x3): Cartesian coordinates or spherical coordinate of the origin of-he (Lj
- (x4, 75, x6): Euler angles or exponential coordinate of the orientation

[’/’i]: 6100 rx(:]:[@ge ot %]

A

® Write down the forward kinematics using the minitnum set of coordinate x:
r = f(0) ejeud s v romedinats 3

/7 ( (arkesian Tybeh‘m(---)
® Analytical Jacobian can then be computed as @ = [%(6’)}

T e T e

® The analytical Jacobian J, depends on the local coordinates system of SFE(3)
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Analytic vs. Geometric Jacobian

® Geometric Jacobian directly finds relation between joint velocities and
end-effector twist: oWAr vwa-t7

V= [ ~ ] = J(0)8, where J(0) € R°*"

U

® Note: V = (w,v) is NOT a derivative of any position variable, i.e. V # %

(regardless what representation x is used) because the angular velocity is not
the derivative of any time varying quantity.

remil PR -{wmlai —ref = T(o.,oz)-;@g‘w'c' | V\>

® Analytical Jacobian J, destroys the natural geometric structure of the rigid
body motion;

® Geometric Jacobian can be used to derive analytical Jacobian.
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Outline

e Geometric Jacobian Derivation
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Derivation of Geometric Jacobian (1/3)

® Let V = (w,v) be the end-effector twist (coordinate-free notation), we aim to
find J(0) such that

V= J(0)0 = J1(0)01 + - - + Ju(0)6,,

A\

® The ith column J;(0) is the end-effector velocity when the robot is rotating
about §; at unit speed 6; = 1 while all other joints do not move (i.e. 6; =0

for j # 1).

® Therefore, in coordinate free notation, J; is just the screw axis of joint i:

Ji(0) = S;(0)
™ Ao})em( on O herause

Sy AN o(ej)ﬂro{: on ¢
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Derivation of Geometric Jacobian (2/3)

® The actual coordinate of S; depends on 6 as well as the reference frame.

® The simplest way to write Jacobian is to use local coordinate:

U S J—
JZ'—Si, Z—l,...,ﬂ

® |n fixed frame {0}, we have

OJZ(H) :OXZ(H) zSz, 1= 1,...,% (1)

® Recall: % is the change of coordinate matrix for spatial velocities.
® Assume 0 = (64,...,0,), then

OTZ(H) _ 6[051]91 o G[OSi]eiM N OXi(Q) _ [AdOTz(Q)] (2)
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Derivation of Geometric Jacobian (3/3)

® The Jacobian formula (1) wikh (2) is conceptually simple, but can be
cumbersome for calculation. We now derive a recursive Jacobian formula

® Note: OJ,L(H) :OSZ(Q)
- Fori=1, %1(0) =S1(0) =0oS; (independent of 0)

- For 1 = 2, 052(9) 2052(91) — [AdT(el)} 0S5, where T(91) A e[051]91

T e

oYmJ«ow; voledo abact °S,

‘7'3 b1 odgvie

- For general 7, we have

Ji(0) =5:(0) = |Adge, o, )| oS

where T(Ql, . ,(91'—1) £ 6[051]91 ... 6[05”7;—1]97;—1

(3)
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Geometric Jacobian Example Assane cumee P Tgﬁf@&

| = Fud sered axts ot home |)°“"F"" o {OS ‘S'.Immc_

°S) (‘Vl-"l):[%x , Saz (Ue,0,) w.‘—_[?])izz[g‘j

v
o
o 0

o 0
- 3
¢t nef 0 vod
> clumn 2 c:lm(,‘ . /j

(xb e ‘. ’_\*3——-\
\l/ [°§ ]8 _J(_ ["g‘]m fostG> )
_\": e 2\)Ui =€ e
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Analytic Jacobian

® [et x € R? be the task space variable of interest with desired reference x4
- E.g.:  can be Cartesian + Euler angle of end-effector frame

- p < 6 is allowed, which means a partial parameterization of SE(3), e.g. we only
care about the position or the orientation of the end-effector frame

e Analytic Jacobian: & = J,(6)0

® Recall Geometric Jacobian: V = [ ~ ] = J(0)0

® They are related by:

- E(x) can be easily found with given parameterization x
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Analytic Jacobian Example | (1/3)

TR
Lp
end-effector frame (relative to the inertia frame), and z, € R is the position
of the origin of the end-effector frame (expressed in the inertia frame)

® Suppose r = [ ] , where xr = (a, 3,7) is the Z-Y-X Euler angles of the

® Consider twist in world (inertia) frame: YV = [ ~ ] = J(6)6.

® We want to find analytic Jacobian, such that & = .J, ()6

® Note:’R, = R.(a)R,(B)Rs(7) = R, = wx ‘'R

Byl .
) 19-0‘3 thvx(’&'(':h.
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Analytic Jacobian Example | (2/3)

0 ca CBSa
1 0 0

0 —sa cgCa
® One can show that: w =
— e
Think s ths as & 3R- volet

|
/,y)
1

A
2
596
>
9
| . \ , Y f)
w:@a. t b+ ¥ = \ R &)
- <)) LRI B Y
- o ~Sy Cply ! _ 2 - S 8- 0%
_10 (;( Cii{ { é _‘Y\_ 7§| - g §=/;é
| J ‘ L= AA o_; = ~N
"\/\—\_-\_L N"/ J (W-n] > [.Ad-r'] :7
: _ (3)
— E)( YR ) e lme
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Analytic Jacobian Example | (3/3)

® Be definition, we have

® |f we use twist %) in end-effector frame, the formula will be different.
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Analytic Jacobian Example Il

i

xr1 = Ly cos(61) + Lo cos(01 + 02)
ro = Ly sin(@l) + Lo SiIl(Hl -+ 92)

Analytic Jacobian
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