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Outline

e Spatial Acceleration

e Spatial Force (Wrench)

e Spatial Momentum

e Newton-Euler Equation using Spatial Vectors

Outline Advanced Control for Robotics Wei Zhang (SUSTech) 2/31



Spatial Acceleration

® Given a rigid body with spatial velocity V = (w,v,), its spatial acceleration is

ﬂ:vzlél

Uo

- Recall that: v, is the velocity of the body-fixed particle coincident with frame
origin o at the current time t.

- Note: w is the angular acceleration of the body
- v, Is not the acceleration of any body-fixed point!

- In fact, v, gives the rate of change in stream velocity of body-fixed particles
passing through o

® Spatial Acceleration is a true vector (just like twist)

Vesa = Voja Ve = Acja = Apjra + Acsp
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Spatial vs. Conventional Accel. (1/2)
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® Let r(¢) be the position of a body-fixed particle’that was at 7igip o when.

t=H-g3i0., atHime v+, Y& =0, at t4at 714 4o

7/

® Note that: 7(t) = v,(t), but #(t) # v,(t), where #(t) is the conventional
acceleration of the body-fixed point r ‘
T&)= v, 4 Lvx P

® |n general, we have
() =% 0o(t) + w(t) X r(t) «
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Spatial vs. Conventional Accel. (2/2)
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Spatial Acceleration in Pliucker Coordinate Systems

® Fix an inertia frame {O}, let {B} be another frame (possibly moving)

® Consider a body with velocity V (wrt inertia frame), and ©V and ?V be its
Pliicker coordinates wrt {O} and {B}:

olacia| Ve
PG g g s s
\,,\"YW) Yo _ d
A= (@)% = %)

- P
ogQ & o BA A B <)~ ﬂ“'
A2 o(4Y) and PA £ 5(LY) A069)=tw Pt W
8 d 3
® In general, %A # &4 (7)) # (Fv>: }\

® Fact: 24 = °X;%A (more about this later)
e Yog W
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More about Conventional Vector Cross Product

® Consider the inertia frame {O} and a rotating frame {B} with collocated

origins. Let R(t) 2”Ry(t) be the orientation of {B} wrt {O}

® Suppose {B} is rotating with velocity w at time ¢t. Consider a point p rigidly

attached to {B}.

G2 %p= R = =B -
j RR
;v)p p_@

R= [W]R = (U= RR"|

® Therefore, for a rotating frame with time-varying orientation R, its
instantaneous angular velocity is given by RR~!

® One can also show (algebraically)

- [Re] = RWlR" <

- w1 X wa] = [wi][wa] = [wal[wr] € Joeh s )a(m*-‘?

K
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Spatial Cross Product

Again, consider a point p rigidly attached to rotating frame (with angular
velocity w), then p=w X p

Cross product can be viewed as a differentiation operator. This can be
generalized to spatial vectors, leading to spatial cross product

Given two spatial velocities (twists) V4 and Vs, their spatial cross product is:

W W w1 X w
~—e~” (o (0 W1 X Vg + V1 X Wo
Matrix representation: V; X Vo = [V4 X|Vs, where

Vix] & [ wn] - 0 ]

1] ]

Roughly speaking, when a motion vector V is moving with a spatial velocity
Z (e.g. it is attached to a moving frame) but is otherwise not changing, then

V=2ZxYV
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Spatial Cross Product: Properties (1/2)

® Assume A is moving wrt to O with velocity V4
OXA = [OVA X]OXA

(R ) o= () = oy QJ

_ MR R
o><A_ R } (W) e 9 EW\) 0]
Mfﬂ + PR b R+ (WD) R ("MJJR] () Cwl X
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() = (V-4 (w=p) = Cwl+ () - GRI 0 m{]
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=2 BPIR+ PR = [VIR4[Wp])-[P[IR + U’]@

= ()t (w)lp] R
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Spatial Cross Product: Properties (2/2)

® [XVx]|= X[Vx]|X?', for any transformation X and twist V
N~ —

J
Eﬁbg = R(-w\ RT

Spatial Acceleration Advanced Control for Robotics Wei Zhang (SUSTech) 10 / 31



Spatial Cross Product: Working with Moving Frame

Consider a body with velocity Vpoq, (Wrt inertia frame), and Vyoayy and “Vioa, be

its Pliicker coordinates wr:ég_)_andﬁ}:
e A Z Y xPY
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Spatial Acceleration Example |l

® A cylinder rolls without slipping in the % direction. The cylinder has a radius
of r and a constant forward speed of v. What is the spatial acceleration of

this cylinder? °
Is cylinder 11'_,\0( /'\CJL

°ch(: 'W} ) o = —\z (%
v, : >

"V, =V - H) S 5
ik o
> -y
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Outline

e Spatial Force (Wrench)
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Spatial Force (Wrench) ey wrench

W

® Consider a rigid body with many forces on it and fix an arbitrary point O in
space

® The net effect of these forces can be expressed as
- A force f, acting along a line passing through O

TS 3 eR =

- A moment no about point O
W

1o € IR T

® Spatial Force (Wrench): is given by the 6D vector

P17
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Spatial Force in Plucker Coordinate Systems

® Given a frame {A}, the Pliicker coordinate of a spatial force F is given by

3] ]

&N
9
[ s

e Coordinate transform: AF = AX*F where AX* = X, 1

[="% 7\

voment vebhon:  Coovalinedd —fru : P
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Spatial Force
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Wrench-Twist Pair and Power —qus

® Recall that for a point mass with linear velocity v and linear force f. Then we
know that the power (instantaneous work done by f) is given byj\-v/:_ﬁg

® This relation can be generalized to spatial force (i.e. wrench) and spatial
velocity (i.e. twist)

® Suppose a rigid body has a twist *V = (“w,”v,,) and a wrench
AF = ("no,,"* f) acts on the body. Then the power is simply

""”‘Q[’ £ PEZ(AV) F

uj— Ybi— —Svame

-6t 4 Cuy

Yotetime |
=
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Joint Torgue

e Consider a link attached to a 1-dof joint (e.g. revolute or prismatic). Let S
be the screw axis of the joint. The velocity of the link induced by joint

motion is given by:V = S6 'F > @

To 170711

® F be the wrench provided by the joint. Then the power produced by the

joint Is . .
P-viE=($TE 2 ri
T

\‘/ \) }’(A(M
é\‘r, U @
9

o r = STF = FTS is the projection of the wrench onto the screw axis, i.e. the
effective part of the wrench.

e Often times, 7 is referred to as joint "torque” or generalized force
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Outline

e Spatial Momentum
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Rotational Inertia (1/2)

M

® Recall momentum for|point mass:!

\/dof}d»)! V= Y , R= V= lY' ?‘P”
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Spatial Momentum
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Rotational Inertia (2/2) AT TAIA

® Rotational Inertia: I = [}, p(r)[r][r]" dr

- p(+) is the density function of the body

- I depends on coordinate system

- It is a constant matrix if the origin coincides with CoM
—— o T

vzt 2rgh

C:_T_ . Yotatinmal

Mertra wetn® et GM
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Spatial Momentum <

® Consider a rigid body with spatial velocity Vo = (w, vc) expressed at the
center of mass C

- I . o M:V‘
Linear momentum: | . = w Ve >

- Angular momentum about CoM: 47‘ - 1 W
— el

Ixl 3¢1 x|

- Angular momentum about a point O: JEN _
_)470 = (bc t+ ol X Lc & Osovelinete ’(We

® Spatial Momentum:

h2 ) gl PR OE
=
\' / mass: m

=

rotational
0C =c inertia: I¢
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Change Reference Frame for Momentum

® Spatial momentum transforms in the same way as spatial forces:
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Spatial Inertia

® |nertia of a rigid body defines linear relationship between velocity and

momentum.
® Spacial inertia Z is the one such that bx 6
¢
h=1v

® Let {C} be a frame whose origin coincide with CoM. Then

_(/b”"(’aﬂ 3x} md’h‘y
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Spatial Inertia
® Spatial inertia wrt another frame {A}:

T =2XETX,

Ah:@‘)} _ A)(;Ck _ A.XZ‘ Ly ¢y :@AV
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® Special case: “Rc =/I3) ( ne c'r\ahJe n oh‘ev.ﬂmw)
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Outline

e Newton-Euler Equation using Spatial Vectors
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Cross Product for Spatial Force and Momentum

Assume frame A is moving with velocity *)V4
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Newton-Euler Equation Al = My 2 + Pt @zﬁy)

o NEV\V:CB”'E‘“” equation: f ﬁ?:: *T A+ < (BT 2
A F = gh=TALV TV < terdinde ft€

AAN—
\Y L
® Adopting spatial vectors, the Newton-Euler equation has the same form in

any frame OYigh at (om

® Choose an arbitrary frame {A} let 4V = (4,%) ~ Petils - See disrussiom o
- Newton equation: Yq,sﬁ 3]

A A. A A
f=m"v+"wxmv

® Note: if {A} is inertia frame {0}, we have

°fF=mD+°w X mW=m"Dcom

- Euler equation:
A AT A. A AT A
n="1"w4+"wx"1T "w
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Derivations of Newton-Euler Equation V' 1 What, *f bl
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More Discussions : Yelctn +o clastical equatas of mobe, -
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More Discussions
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