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Motivation

® Optimization is arguably the most important tool for modern engineering

® Robotics

- Differential Inverse Kinematics

- Dynamics

- Motion planning

- Whole-body control: formulated as a quadratic program

® Machine Learning Aol o)rt\m‘nza-(-‘.m

- Linear regression
- Support vector machine:
- Deep learning

® other domains

- Check system stability: SDP
- Compressive sensing
- Fourier transform: least square problem

® Roughly speaking, most engineering problems (finding a better design, ensure
certain properties of the solution, develop an algorithm), can be formulated
as optimization/optimal control problems.
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Real Symmetric Matrices
fa[ il
® S™: set of real symmetric matrices

AGSQ neans A symmcinc <) A=A

® All eigenvalues are real (o(l‘nmhz"{;> / | _{,,
A=TAT" VAT
/\/\/\( 5

>
® There exists a full set of orthogonal eigenvectors 0("\5/0'\‘{ maomx

U/ - wHh ergs o the O(ll\.j

>( Spectral decomposition: If A € 8", then A = QAQT where A diagonal and
"+ @ is unitary. Qs untar Q"

R-(4% ~4) = 479, = 4iey
o -e-udtrw.‘se
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Positive Semidefinite Matrices (1/3) 1/_\ ﬁ

® Ac S"is called positive semidefinite (p.s.d.), denoted by A > 0, if
T n - — 1
r't Ax >0, Ve € R €y XA =0 NzJAmJ: 642 % 4%° m

—) ﬂluwo(n—h: j(wm
e Ac S"is called positive definite (p.d.), denoted by A = 0, if 27 Az > 0 for
all nonzero z € R"

® S%: set of all p.s.d. (symmetric) matrices
® S : set of all p.d. (symmetric) matrices

® p.s.d. or p.d. matrices can also be defined for non-symmetric matrices.

S

U
”’w > [0 7)

® \We assume p.s.d. and p.d. are symmetric (unless otherwise noted)

1 1
8- [—1 1] V(@)= [, ’)h')[' (](')(,1__()(:"4/){;>0

Pm—ﬁh( o\'MW
® Notation: A > B (resp. A > B ) means A — B c S (resp. A— B € St.)
5> ASE . Bsc D Aze
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Positive Semidefinite Matrices (2/3)

® Other equivalent definitions for symmetric p.s.d. matrices:
- All 2™ — 1 principal minors of A are nonnegative

'X' - All eigs of A are nonnegative /

- There exists a factorization A = B' B

® Other equivalent definitions for p.d. matrices:

- All n leading principal minors of A are positive
17'(' - All eigs of A are strictly positive /

- There exists a factorization A = B* B with B square and nonsingular.
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Positive Semidefinite Matrices (3/3)

@ Useful facts:
\/.- If T' nonsingular, A > 0 < TT"AT = 0; and A > 0< TTAT = 0

W . -1 . S . .
no\{-, V\c(eff“/”"") kel {TTAT ' gm"w'kﬁ’ EHe ol on
wnn .+ar~) T A‘- . [Swﬁruewl- 'BVA'U‘fWMA"hOVI
- Inner product on Rmxn. < A, B>%2 tfr' (A"B) £ 20. b elR”?
-’—‘-ﬂ cc, b> =4TL

- For é,@ E@ tr(AB) >0 Ah")k botiveon AR
CA B> = tr(A B =4r(AB) 2 (sp= SA232
?Y:P& J’D Jdt\aAb J<I3>,\3) B
ot of- posit\e seml. dofinive seb s 6 0ute
Amin(A) > pup< A= pul  and Apax(A) < B A=XpBI1
A

Smalest e (A —/AI)GSH
wE A=Qng 3 ’

)\ul\'_.
MI:@I\&T—OMI&‘- P[ .J\“’)

Q@ (A-DET D AM 0D A-pivo A
N——— 2M>
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Gradient and Hessian (1/2)

® Consider a multivariate scalar-valued function f : R™*"™ — R that takes a
matrix (or vector) X to a scalar value in R

® Gradient of f wrt X € R™*" is defined as

- Of(X) of(XxX) ... Of(X) T
8X11 8X12 aXln
of(xX) of(x) .. 9f(X)
0X 0X 0Xon mxXn
va(X) — .21 .22 | .2 E R X
0f(X)  Of(X) .. OfX)
L 0X 1 00X 2 OXmn -

o Vxf(X)isan m x n matrix, its size is the same as X
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Gradient and Hessian (2/2) TE=£18)+ = fw) s )¢
—

® For vector case, z € R", then V., f(x) is also a vector:

>4~ A P
- Of(@) - = (%) £ 5 s
8:171
Vaf(z)=| 7 U
8(;”-(39) <V‘g(x), Qx>

® et xr € R™, the Hessian matrix of f wrt x is defined as

[ 0 f(z)  9%f(x) . O f(m) ]
8m% Oxq1xo 0xr{xTn
2 f(x) *f(x) . O*f(x)
0 Ox2 0 n
Vi =| T e e
2f(x) 9%f(x) . . 9f(x)
| Oznxy 0Ly T2 ax% |

® Hessian is always symmetric, and we typically do not consider Hessian wrt
matrix variables
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Examples (1/2)

n |

v,xﬁx) = AX + AT

I—§ A fbmme{m‘< Vx'f(x)z oA
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Examples (2/2) A TR IR 2 foo=lzm & -

Consider matrix variable X € R™*"

— T " A
f(X) =a"Xb ' :;KK" FO0= @1 200, axs
vfx=ab’ - Pectl e (T
— ™ \ O

o f(X)=tr(AXB) & > (tr (AxB)) 3
ba Aetinitew = ATB
() X i
~fhoe dervectine | "
A XeR
o £(X) = det(X 2 X -
= ag):du(X) (x")! fix = IXF O

« M X ~_§ X\X«\]] o all g
ol S thL
Il DQYI.L IX\N] ‘( (Xyb
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Affine Sets and Functions (1/3)

® Linear mapping: f(x +vy) = f(x)+ f(y) and f(ax) =

some vector space, and o € R

yb/\'o\'l"\""
- f(x) = Az, z € R®, A € SO(3)

- flz] = [ x(7)dr, for all integrable function z(+)

NN NN

—H'Y-%g] = 50(&)4 i) ot

- E(x) expection of a random variable/vector z
>
T0= [ po x
- f(x) = tr(z), z € R™*"

9
——

“H (A48)= 41 (A4 (@)
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Affine Sets and Functions (2/3)

e Affine mapping: f(z) is an affine mapping of z if g(z) = f(z) — f(xo) is a

linear mapping for some fixed x
® Finite-dimension representation of affine function: f(x) = Az + b

® Homogeneous representation in R™:
flxy=Az+b < f(z)=A4A
x
1

T A b | .
WIthA—[O 1],:1:—[

® Linear and affine are often used interchangeably
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Affine Sets and Functions (3/3)

® Linear/affine sets: {x : f(x) <0} for affine mapping f
D ) 20k - Gublanl  sek

Line/hyperplane: a’xz = b {9(: O\T'yzla]

e a
/
- Half space: a’x <b - K {l{ >
——— ‘{’X"‘U"("LSOS 1/ o=b
T N ——

HT ) h

- Polyhedron: Hx < h H‘ [H'T ) k:[\h'\
L
KG‘R" HJT J l\} / . \ }/ o

For matrix variable X € R™*", tr(AX) < 0 for given constant matrix A € R"*"
is a halfspace in R"*"
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Quadratic Sets and Functions

rv: N
e Quadratic functions in R™: f(z) = 2! Az +bl'z +¢ o [ _)

- - \d{ (X)ZW“;A

® Quadratic functions (homogeneous form): f(x) = 2! Az

- AeSy & f(r) >0,Vr e R”

® Quadratic sets: {x :€ R™: f(x) <0} for some quadratic function f

- e.g.: Ball: n 3 T T
{O(G(K ! ”’X“'Xc‘lz SV-}
- e.g.: Ellipsoid: n -+
‘((XC-(R - (=xO P (- < i
v
5y
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Convex Set
'y
® (Convex Set: A set S is convex if X/

r1,120 €S = ari+ (1 —a)rs € S,Va e |0,1]

——
® Convex combination of x1,...,T}:

e g g

{&1x1+&2$2+-°-+akxk :o; > 0, and Zai = 1}

AN

® Convex hull: ¢6{S} set of all convex combinations of points in S
o ~— e
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Convex Cone

® Aset Siscalled aconeif A\ >0, x €S = \xcS.

® Conic combination of 1 and x»:
r = aq1T1 + asxro With aq, a9 > 0
QD

® (Convex cone:
1. a cone that is convex
N~ -

2. equivalently, a_set that contains all the conic combinations of points in the set

Sets and Functions Advanced Control for Robotics Wei Zhang (SUSTech) 20 / 53



Positive Semidefinite Cone

® The set of positive semidefinite matrices (i.e. (S ) is a convex cone and is
referred to as the positive semidefinite (PSD) céne
vA BeS) .  (ambB)es
v~

v

‘P{ GJIO O(B-‘-’, 620

\%

Vel ,YT(,,/AJ-QR)« - g (ocA'x)+ 6(«%«)70

® Recall that if A, B € 8¢, then tr(AB) > 0. This indicates that the cone &%
IS acute.
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Operations that Preserve Convexity (1/1)

® Intersection of possibly infinite number of convex sets: s alss e

- e.g.: polyhedron:

- e.g.: PSD cone:
g'\
>t

o Affine mapping f: R" — R™ (i.e. f(x) = Ax +b)
- f(X)={f(x) : x € X} is convex whenever X C R" is convex
e.g.: Ellipsoid: £y ={z € R" : (z — r.)" P(x — x.) < 1} or equivalently
Es ={zc+ Au : ||ul|]2 < 1} B T

. R
E( = ‘{(XG(K'\.‘ “P7 ((Y_Q(DH’-_<|) I r X ’xc_)“

- f7HY) ={xz € R": f(x) € Y} is convex Whenever Y C R™ is convex
e.g.: {Ax < b} = f~H(R%), where R" is npnnegative orthant

Ball = | ket [l v 1Pel]
‘E(‘X): P;(:éx- ¢
E= (a1 >
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Convex Function
Consider a finite dimensional vector space X'. Let D C X be convex.

Definition 1 (Convex Function).

A function f : D — R is called convex if

flaxs + (1 — a)zz) < af(21) + (1 — @) f(22), Vo1, 2 € D,Va € [0,1]

® f:D — Ris called strictly convex if
flarxy + (1 —a)xs) < af(ry) + (1 — ) f(x2), V1 # x2 € D,Va € |0, 1]

® f:D — R is called concave if —f is convex
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How to Check a Function i1s Convex?

® Directly use definition

® First-order condition: If f is differfntiable over an open set that contains D,
then f is convex over D iff | = oAy 77 (~ alownf

~ T
f(2) = f@) + V(@) (z —x),V2,2 €D

N - — -

® Second-order condition: Suppose f is twicely differentiable over an open set
that contains D, then f is convex over D iff

\V&: r) =0, VreD
: n
Hossian Iwmalnx € S;

® Many other conditions, tricks,... see I[BVO4].
~—
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Examples of Convex Functions

® |n general, affine functions are both convex and concave
-eg: f(x)=a'z+b, forxecR"

~egl f(X)=tr(ATX) +c=3", >oiq AijXij e, for X € R™*"

e Quadratic functions: f(z) = :cTQx + bz + cis convex iff Q = 0
S
—Qf x La - Q
9;“5:, . 22

L AMOLI’I]\S are Conxgx aan\ bxhb'\’n
i n 1/
-eg inR™ f(z) =zl = (X, [=:?) 7 f@) = |2l = maxy |z

X}, =9 1% 14\ < )
- eg In RS0 = [ X2 = Tmes(X) Cq{uw = et ||
ReR | ) h

Al —
IAL]S = max —l%lf :\&T\:—J”M b (1, = oo
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Outline ~ e rafpry o) ove le SERL envix
funetion

supPp=s
Gy = ooty 5 s e

— Po‘nn‘HvTS( WARY M Bf ConVX —ﬁm( 's (onvey

T& 59 = 00 w00, 400

“‘W\/
(v @y oM X

e Short Introduction to Optimization

—

= =il wise MWisam b‘y Conlave ;) e Ve

Basic Optimization Advanced Control for Robotics Wei Zhang (SUSTech) 26 / 53



Nonlinear Optimization:

(

=

® decision variable x € R™, domain D, referred to as primal problem

minimize:

/.

subject to: {

.. -

® optimal value p* | °P+'M’"’f X '))“: .fv(y()

® is called a convex optimization problem if fy,..., f,,, are convex and
hi,...,hq are affine

® typically convex optimization can be solved efficiently
So\\/t 'ay—(‘. vzet otmra(bi\u on)wCa H/J B (g ondidim afi(.m]),e{g
need +- soti 57{(7>
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Al conHmrmned o))ﬁm‘ru#.m : m{])(/\ -f(oc)

, jC k"> e

DPJ(-\MALHQ (mditm: < fn=o0

flfx) = {(w{") + 17/(«)7 (= 2"+ Fi0T,

t

of()(}c., \

\/\/\

‘f(%E) = X2+)

A -

‘ 4(2)= wene -E(x,g>

"CGF!,L)

V‘f(x):o

N/

JR&) i CsnCowvp

§ fer 2l
J2= 224}
=324k

mex (i), fr g )



Lagrangian

Associated Lagrangian: L : D x R™ x R? — R

m q
L(z, A\ v) Z +Zyihz X

Aio

® weighted sum of objective and constraints functions
® )\;: Lagrangian multiplier associated with f;(x) <0

® ;. Lagrangian multiplier associated with h;(x) = 0
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Lagrange Dual Problems (1/2)

Lagrange dual function: ¢ : R™ x R? :—» R

g(\y) = inf L(z,A,v)

AN\ NV

= ;2% {fo(l’) + Z Aifi(x) + Z Vz'hi(l“)}

1= =
M Ts PAEWle winimum o4 L('\&/\,v) . el 2

® g is concave, can be —oo for some \, v J V= waina {L(\, AW, L(z,,\,n]
N L

X'® Lower bound property: If A = 0 (elementwise), then g(\,v) < p* “JL]‘MC
| e A A2 dne T T W)
le - & be arbwrwa ~feasl,lz ?hw\ VOl . el ASne )\ 20
\
~J ‘f('x)‘o 11 (X)=o0

=) ]C°(37)7/L(&“\’V) MJLALWJ V) __=30,w

-:)()¥ w\\‘}(x) 2 9 0Lv)

f*‘ffﬁsl.u
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Lagrange Dual Problems (2/2)

Lagrange Dual Problem:

T
opt izt {maximize: JY) er f mn (=9 (W)

Problew (DM'): subject to: A >0 5%‘3 b <\
—_——  —
RIAPRT alway_‘ a pmvex

® Find the best lower bound on p* using the Lagrange dual function |wll, m,

Convex

® 3 convex optimization problem even when the primal is nonconvex
DY&MQM : )\‘B') ))‘

A= 5. V)
® (), v) is called dual feasible if A = 0 and (), ) € dom(g)

® optimal value denoted@

e Often simplified by making the implicit constraint (A, ) € dom(g) explicit
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Duality Theorems

® Weak Duality: d* < p*
- always hold (for convex and nonconvex problems)

- can be used to find nontrivial lower bounds for difficult problems

¢ Strong Duality: d* = p~

- not true in general, but typically holds for convex problems

- conditions that guarantee strong duality in convex problems are called constraint
LY.Ll " —_— ————
qualifications

- Slater’s constraint qualification: Primal is strictly feasible

e 3% sk bk <o, hig)=s
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General Optimality Conditions (1/3)

For general optimization problem:

‘minimize:  fo(x)

subject to:  fi(x) <0,i=1,...m
\ hi(x) =0,i=1,...,q

/.

General optimality condition:

strong duality and (z*, \*,v*) is primal-dual optimal <

® r* =argmin, L(x, \*,v") (Lagrange optimality)
® \'fi(x*) =0 for all ¢ (Complementarity)
® fi(x*) <0 hj(x*) =0, forall i, (primal feasibility)
® \*>0foralls (dual feasibility)
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General Optimality Conditions (2/3)

Proof of Necessity
® Assume x* and (A*,v*) are primal-dual optimal sIns with zero duality gap,

[(@) = g(\",v") LAY
.
g%('(x 2 i +Zv hi
F@)+D N fila) + > vihi(a
J

G

® Therefore, all inequalities are actually equalities

IA 1)

I

® Replacing the first inequality with equality i@ = argmin_ L(xz, \*, V")

® Replacing the second inequality with equality = complementarity condition
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General Optimality Conditions (3/3)
Proof of Sufficiency ‘ m‘n“”" X,V = LS N VD

® Assume (z*, \*, v sat/f(es the optlmallty conditions: 2

A= g(\", -I-Z)\ fi(z -I-ZVh prime{
’w \_> ’ojembl-*}

= f(z") = 17" 0 (pr’(ﬁmfm—b

® The first equality is by Lagrange optimality, and the 2nd equality is due to
complementarity

® Therefore, the duality gap is zero, and (z*, \*,v*) is the primal dual optimal
solution
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KKT Conditions

For convex optimization problem:

(

minimize:  fo(x)
q subject to:  fi(z) <0,i=1,...m
\ hi(x) =0,i=1,...,q

Suppose duality gap is zero, then (z*, \*, v*) is primal-dual optimal if and only if
it satisfies the Karush-Kuhn-Tucker (KKT) conditions

o g—i(:v,)\*,u*) ;MQ( (Stationarity)
® \fi(x*) =0 for all ¢ (Complementarity)
® fi(x*) <0 hj(x*) =0, forall 4,7 (primal feasibility)
® \* >0 for all ¢ (dual feasibility)
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Linear Program: Primal and Dual Formulations Yl

n Y| —Vaura
(minimize:  Tx ¢ R aalle
H e . MN \
® Primal Formulation: { subject to: Az =0b & “1 '4"['*]

¥ <o ZUZO & Y135, - Xazo n- ;/Ie‘lap\l;-l_:}

N\

\

logrange func. Levx = cloc+ X (mvy 4 V' (Axeb)
Q gJ\v)-— in £ h{(C—)\ +VTA)’K\V‘5j

xR
- — 0o :j‘ CT")\T“’VT/‘\:I:O
T ] N =
-y T A A =0
/ ——
maximize: —bTy & W -vanaly Mmase QO v
® |ts Dual: - Ao
subject to: A'v +O> 0
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Linear Program: Example

A toy company produces toy planes and toy boats. Price: $10 per plane and $8 per
boat. Cost: $3 in raw materials per plane and $2 per boat. A plane requires 3 hours to
make and 1 hour to finish while a boat requires 1 hour to make and 2 hours to finish.
The company cannot sell anymore than 35 planes per week. Further, given the number
of workers, the company cannot spend anymore than 160 hours per week finishing toys

and 120 hours per week making toys. How much of each toy it needs to produce?
160

140
120
100

x, 80

60
40

20

0 10 20 30 40 50 60
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Unconstrained Quadratic Program: Least Squares

® minimize: J(x) :w}—i-quJrQO

A7 ;
® Problem is convex iff Q = 0 Q=0

1
e When J is convex, it can be written as: J(z) = ||Q2x — y||* + ¢

e KKT condition: vK= Qd—ﬂ'jo (kk-(_ Oond iom )
Mk:—a-|"t
[ r——
Loc sk 5‘]"\‘\"6 \)}"U(M mm \| Hoe- ?I\Z /3 [ ”)t )
e Optimal solution: Oy ))

. L = min (& HHey - 2;; L 9(4«55)
A e
- M= \H‘ Y ' y
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Equality Constrained Quadratic Program

i 4T T
® Standard form: _ it J(x) =27 Qr +q" z + qo
subject to. . Hx =nh

® The problem is convex if ) > 0
® KKT Condition: ) (¢, V) = LzrxT\Q7(—|- ‘L(/)(‘-l- 1 +VT (l-\f)(—k)

2= = | Q¥+ HT B
X — ‘[{ + Y =o }9 Q T ~ _ 9
Hac=h He | h
® Optimal Solution: O N
= [\(] ~[a W0
VY
g 4~ O i Ll
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General Quadratic Program

?l |)V\l/V\‘~/L ;
o Standard form: minimize:  J(x) :%TQx —|——qT:E+q0 n- vondle s
' subject to: 41; < Iz_ AG\RM’"‘ WA — .‘na(mc:j
® Dual problem: Longtyony,
Tt olum( PYob\em ) )‘.vm brsa
R —
|) p\_( < l -
" W\f\\‘ <’£)\D)\ —Q,T)\3 —%({rQ"Q\\
L _ (/\ >/O\ ’ /\G(RM JJ
et e b4 AR
| b= -AB7A
f primal s W~ verables Dual : + m- venr table s
iW\— ;’\e/‘lv\ﬁ CSV\("LQ'/\N{'} W nannej‘)c\‘hve
Cen stvea s
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Example I: Identification of Robot Dynamics (1/2)
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Example I: Identification of Robot Dynamics (2/2)
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Example I: Identification of Robot Dynamics (3/2)
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Example Il: Differential IK (1/2)
- F&’\Wﬂ% k\ﬂehh{}os > CP, /))):.: T(9>
P Rlke i ale 1t onod- effoctyn c.».fﬁm-m

$Symetits W Can ol showt  (ockdn urt of ty ovfiguatin,

(?_(. :‘f(T(O\) e‘é N = R /X = (/)‘71}1\95
[ DY NMed', A
—Taviese knemstrcs - Given  olesiced AL, ‘ﬁ’“( OA  sach ther
o= T 000
rvlw o B

~ Thin W»J b mw 8o olutioms
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Example II: Differential IK (2/3)
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Example IlI: Point Cloud Registration (1/3)
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Example IlI: Point Cloud Registration (2/3)
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Example Ill: Point Cloud Registration (3/1)
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