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Why Linear Algebra:

* One of the most important tools for modern control theory

= Topics covered in this class, such as
= State space model
= [east squares
= Stability analysis
= Controller/observer design through eigenvalue assignment
= Linear quadratic regulator (LQR)

» Kalman filter

can be viewed as applications of linear algebra

* Crucial for machine learning, robotics, computer vision, ...
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Facts about the students:
= Remember formulas without deep understanding of concepts
= Good at numerical calculations, but not analytical analysis

Goal:

= Not to recall the formulas or numerical techniques
= Review/rebuild fundamental concepts

= “Speak” the language of linear algebra: formulate/analyze/solve
linear algebra problems without using formulas or numbers

* Linear independence

= Matrix rank

= Vector space

= Column space/null space
= Solution Ax=Db

= Just a short review. A good reference is the MIT course (Prof. Strang)
https://ocw.mit.edu/courses/mathematics/18-0ésc-linear-algebra-fall-2011/index.htm
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Review Outline

= PartI:
= Linear combination
» Linear independence
= Vector space

= Part II:

* Column space/Null space
* Matrix rank

» Solution space of Ax=b

= Part 111
= Inner product
» Simple geometric sets

» Quadratic sets



Key Concept: Linear Combination

= Linear combination of two vectors vy, v, € R?

Wy = Vi+ U
Ml?/:' V/’ILZ(-V?_
WS =~ (6’

W: 0/)%“’04,‘4, ) 74" seml Q/:;O/Zé/z.

Called o (inenr Combinstion of Vi,V

» Linear combination of v, v, ..., v, € R™
W= oiVi4oVe - + e, jfn' smg s@SCA(orsS
d)/ O/}) - - O/K é/K
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Key Concept: Linear Combination

» Trivial and nontrivial linear combination:
W= iAok o 1s callre] trivial :f o) =0ty = = Pl =0

nontrivial otherwise (1. ot lasE

o 04 #a)
= Span of a set of Vectors
span(vy, v,, . vk) ={weR"w=a,v, + a,v, + -+ + a; vy, for some scalars a, a,, ..., @}
T SN~————
= gt 1§ all (ear gmbimotins of- Vio - LU
(
spn (1) )

S

es. syan<[:J) = {["ft] o €IR)

([1).13]) i[ a(é—lkj
([ = R
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Linear Independence
» Two vectors {v4,v,} are linearly dependentif V=&V, , -fh* sme o elR

& equinletly, the 15 a/\/fnm Cmbinedon ooVt oGl =0 5 oot 0t
fontra( ol 2er

= A set of vectors {vy, -, vy} is linearly independent if

(@ nontrivial linear combination =0

Vit bt 4ol =0 = =0 —~ =d=0
Wﬂlﬂa\(a

= Equivalent definition: No vector v; can be expressed as a linear combination of other
vectors vy, ,Vi_1,Vit1, -, Un

\-QQ: Vl/ V'b, \/S ;‘Aar
S we it wake oz dlitBls
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Vector Space

= Vector space V: set of elements for which “addition” and “multiplication by scalers”
can be properly dleéined

1 ) . o . ol cet 0'3- 2¢2 MmatYias
element can be number, matrix, function, symbols . Qe‘l* ,3. -S“MC‘H‘“ .S (o, QeR

= “Addition” and “multiplication” can be defined as long as they satisfy certain Axioms.

= )inear oovhno:(:‘m ts  well o(e-gu\e({ /sfwds in the 5faC€
= Subspace of a vector space VV: subset of V that is “closed” under addition and
multiplication he.  substt os-— V S which linesr  comppatin s sde the set
- Swhspce must Latam 0", petawse veS , ove
l\asé 665751"

= Span (vq, 1) —e—' iQ/IVI “f'dvl/; Lo, 04 4R)
15 o subsracc

ﬂ ={x € R%:x X * —v & p*
R: ={x eR*:x, 20, 2>0} /// Vi el it —V, /a‘ o
Nol- WP"& -V 8
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Vector Space

» {v4,V,, ..., Ui} is a basis for a vector space V if

1. V =span({vy, vy, ..., V%)) \Gpapy VGV, Vi a wlnear Ombinatim #V: - S Ue

,\W

2. {vq, V2s e v} is linearly independent

R {100 = e fs 1
T8, L)Y 3 Mot o b {W_ 2

= Dimension of a vector space:

= Nlumber of vectors in a basis

* Fact: number of vectors in any basis of a finite-dim vector space is the same

N~
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Vector Space

= Coordinates of w € V with respect to a basis {vy, v5, .. vk} *’f‘ V

w
We must- g =agiln+ -t v, ch oMt o - 0 W= G -
have [ .
. ¢,
Crorolinode w wrt {u v, . ve
°f f “) {"’X = 1@t e

=)
= Coordinates of a vector depend on the basis

dee VR ([).()) & wo]

¢, €z

C/wgc hasis © /= Sran (["‘ [0_]>é W'[ ] |- Vit 2V

v. V2 =[v, vpj):p]
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Review Outline
= PartI:

* Linear combination
* Linear independence

= Vector space

= Part II:

= Column space/Null space
= Matrix rank
= Solution space of Ax=Db

= Part 111
= Inner product
» Simple geometric sets

» Quadratic sets
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Key: Matrix vector multiplication as@nixture of columns) (inear ¢ombomochion 93(

= Lety = Ax, then y is a linear combination of the columns of A

s Write matrix A in terms of its columns

A=la; < ay . a,], where q; € R™
» Then y = Ax can be written as ¢

" { ] ’ (
XER™ = fx=lr 6t - (&) '
X (

[: : Q) +K) e BB ;“J |

(S |

stalors clumn vectrs of A |

w(mms

= Similarly, if z = dB , where d and z are row vectors, then z is a linear combination

of the rows of B
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Column Space (Range) of a Matrix 4 € R"™™
Col(A) = Range(4) = {Ax|x € R*"} c R™

= = Span of columns of A = SPM‘ (0" > T Qn)

1 (2' 1

= Example:4=|1 ,0'—1‘ CDL(A)-': 9{"""(&-,6(;,%)
-1 0y 1
0(1 az, 6‘3 pant QPM (&,,Az,)

ltha;-Q, =0 = frav\ (C*uo‘.ﬂ
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Null Space of a Matrix 4 € R@@ ( A €elR

n
Null(4) = {x € R™jAx = 0} SWHJAL = IR

» Coefficients of linear combinations that result in a zero vector

= Zero null space implies: columns of 4 are independent

1,2 1
= Example of null space: A =

11(” 1] what 15 Nl ( spuce

ar Qa Oy

M= 10, =) (O ~4, 103 =0

\/\r_.

AL
NalL (&)= Gpan ([7‘(] ) S
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Rank of a matrix A € R™<"
» Definition: rank(A) = dim(Col(A4))

= i.e. number, of independent columns of A
f\/\/\/\/ A~~~ T T——

= Nontrivial facts

= rank(4) = WT) ) :H= Oj- \HM,I') [v[umng »j\A = 01»[40(617 yows Vj’A

» rank(4) < min(m,n): full rank means rank(A) = min(m,n)

| ot tota( T A= ——
¥ Dj““”wl)f’(“m“ / oalamns A D 1 ] [W%M/B)? 4t of Fos
= rank(4) + cﬁgl/(\l\Lu\ll/(é)) =n TWlkaé e °j‘ columns

= “conservation of dimension”: Think about 4 as a linear mapping that maps x € R" to a
vector y = Ax € R™. Each dimension of input x is either crushed to zero or ends up in

output ‘
A=[a 0> as ay 45] =S
nde . Vdft\:d; on f“’*“b/“$) YN'!((“)73
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Example of “conservation of dimension”:
= Find the Null(A), where A € R19** = [a,' a' az a,] satisfies ‘['0(., Qg ore }na(@f.

(1) a2=2a1+5a3j 27 \'Mk%):g

@ a4 — 5a1 - 6a3

j > i (Nl () = ¢-2 =2

=) n=¢
To f“”( il S fwm O = 200 —0o t§4; 40 Ay =0
—_
Al 2| =0
g
%Nal(%)

S\WVII\[WW , @ > (07)—] @NM“ (/é)

4
) =) Null ()= Span ( [ j]
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. . mxX _
Linear Equation Ax = b, x € R",b € R™ | AHQ /b‘/[[’ ;J , @
S
= There exists a solution if @ TOLVIIQ(//\)%’ o /\/\—Z\—— —

bée ol(A) () bétall (/J)M ) AN b |
oA 6/5 < n’m/“ _

= There always exists a solu’%@% 12 € R ik )= ;?M (['l ]>

- \RW‘ ¢ o CA) 5 cﬁé(/'\) :grcwg (@, “‘7&),1) = NZW\ - '23

— ok (A)> M L"F]
= There exists a uni lution if:  SYfIHC ’

’eee 7’séac;1a/251esouo ; fr%, %, ot bl 901“7“,‘”}

{ ’I&L((A) -‘—’{9) ( A% = b 7 Ax""é

m [bémL(A) = A(%-%)=0

. Uihue = Y1=% alw
columns :ﬁ A ,L"A_J” 1 )[> | [ fysm% cuth St Ak

& 1unk(R) =n Wr  nortn/ |
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Review Outline

= Part I:
» Linear combination
* Linear independence
= Vector space

= Part II:

* Column space/Null space
* Matrix rank

» Solution space of Ax=b

= Part III
= Inner product
= Simple geometric sets
= Quadratic sets
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