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Outline

▪ Inner product

▪ Projection

▪ Geometric sets

▪ Lines

▪ Convex set  and cone

▪ Hyperplanes

▪ Polytopes

▪ Ball, ellipsoid
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Inner Product

▪ Inner product of vectors in 𝑅𝑛:    < 𝑣,𝑤 > =

▪ Norm of  𝑣 ∈ 𝑅𝑛

▪ Angle between 𝑣,𝑤 ∈ 𝑅𝑛

▪ Orthogonality:  
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Inner Product

▪ General inner product  <⋅,⋅>∶ 𝑉 × 𝑉 → 𝑅

▪ maps each pair in a vector space to a scaler

▪ satisfies several key properties: linearity, conjugate, positive definiteness …

▪ Inner product of matrices in 𝑅𝑚×𝑛:  < 𝐴,𝐵 > =

▪ Inner product of two functions 𝑓, 𝑔 on interval 𝑎, 𝑏 :
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Projection

▪ Projection of 𝑣 ∈ 𝑅𝑛 along direction  𝑒

▪ 𝑒1, … , 𝑒𝑘 be orthonormal basis of vector space 𝑉,  then any 𝑣 ∈ 𝑉,
𝑣 =< 𝑣, 𝑒1 > 𝑒1 +⋯+< 𝑣, 𝑒𝑘 > 𝑒𝑘
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Projection

▪ Fourier series:  Consider a vector space of periodic functions: 
𝑉 = integrable functions over 0,2𝜋

▪ Inner product:  < 𝑓, 𝑔 > = 0׬
2𝜋
𝑓 𝑥 𝑔 𝑥 𝑑𝑥

▪ Basis: 𝐵 = 1, cos 𝑥 , sin 𝑥 , cos 2𝑥 , sin 2𝑥 ,…

▪ 𝑓 ∈ 𝑉, then
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Representation of Geometric Objects / sets

▪ Implicit representation via (sub)-level sets: 

𝑥 ∈ 𝑅𝑛: 𝑓 𝑥 = 0 or     𝑥 ∈ 𝑅𝑛: 𝑓 𝑥 ≤ 0

▪ Explicit  representation:  𝑥 𝛼 ∈ 𝑅𝑛: 𝛼 satisfies certain conditions
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Some Simple Geometric Sets

▪ Line segment:  Given 𝑥1 ≠ 𝑥2 ∈ 𝑅𝑛: 𝑥2 + 𝛼 𝑥1 − 𝑥2 : 𝛼 ∈ [0,1]

▪ Line (explicit):  𝑥2 + 𝛼 𝑥1 − 𝑥2 : 𝛼 ∈ 𝑅

▪ Line: (implicit representation)

▪ e.g. in 𝑅2:  𝑥 ∈ 𝑅2: 𝑎𝑇𝑥 = 𝑏
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Some Simple Geometric Sets

▪ Hyperplanes (Implicit): 𝑥 ∈ 𝑅𝑛: 𝑎𝑇𝑥 = 𝑏

▪ Hyperplanes (Explicit):  𝑥 ∈ 𝑅𝑛: 𝑎𝑇𝑥 = 𝑏 ⇒ ሼ
ሽ

𝑥0 + σ𝑖 𝛼𝑖𝑣𝑖 : 𝛼𝑖 ∈ 𝑅, 𝑖 =
1,… , 𝑛 − 1

▪ Halfspaces: 𝑥 ∈ 𝑅𝑛: 𝑎𝑇𝑥 ≤ 𝑏

9
CLEAR Lab @ SUSTechWei Zhang



Some Simple Geometric Sets

▪ Convex set: A set 𝑆 is called convex if 
𝑥1, 𝑥2 ∈ 𝑆 ⇒ 𝛼𝑥1 + 1 − 𝛼 𝑥2 ∈ 𝑆

▪ Convex combination of 𝑥1, … , 𝑥𝑘 ∈ 𝑅𝑛

𝛼1𝑥1 + 𝛼2𝑥2 +⋯+ 𝛼𝑘𝑥𝑘: 𝛼𝑖 ≥ 0,σ𝛼𝑖 = 1

▪ Convex hull 𝑐𝑜 𝑆 : set of all convex combinations of points in 𝑆
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Some Simple Geometric Sets

▪ Cone: A set 𝑆 is called a cone if 𝑥 ∈ 𝑆 ⇒ 𝜆𝑥 ∈ 𝑆, ∀𝜆 ≥ 0

▪ Conic combination of 𝑥1, … , 𝑥𝑘 ∈ 𝑅𝑛

𝑐𝑜𝑛𝑒 𝑥1, … , 𝑥𝑘 = 𝛼1𝑥1 + 𝛼2𝑥2 +⋯+ 𝛼𝑘𝑥𝑘: 𝛼𝑖 ≥ 0
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Some Simple Geometric Sets

▪ (Convex) Polyhedron: intersection of a finite number of half spaces 
𝑃 = 𝑥 ∶ 𝐴𝑥 ≤ 𝑏

▪ Polyhedral cone: intersection of finitely many halfspaces that contain the 
origin:

𝑃 = 𝑥 ∶ 𝐴𝑥 ≤ 0

▪ Polytope: bounded polyhedron
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Some Simple Geometric Sets

▪ Polyhedron (vertex representation):

𝑃 = 𝑐𝑜 𝑣1, … , 𝑣𝑚 ⊕ 𝑐𝑜𝑛𝑒 𝑟1, … , 𝑟𝑞
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Some Simple Geometric Sets

▪ Euclidean balls: 𝐵 𝑥𝑐 , 𝑟 = 𝑥 ∈ 𝑅𝑛: 𝑥 − 𝑥𝑐 2 ≤ 𝑟 or   𝐵 𝑥𝑐 , 𝑟 = ሼ
ሽ

𝑥𝑐 +
𝑟𝑢: 𝑢 ∈ 𝑅2, 𝑢 2 ≤ 1

▪ Ellipsoids: 𝐸 = 𝑥 ∈ 𝑅𝑛: 𝑥 − 𝑥𝑐
𝑇𝑃−1 𝑥 − 𝑥𝑐 ≤ 1 or 𝐸 = ሼ

ሽ
𝑥𝑐 + 𝐴𝑢: 𝑢 ∈

𝑅2, 𝑢 2 ≤ 1
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