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= So far, we have learned:
= What is a state space model

= How to derive state space model from physical systems, nonlinear
model, continuous time model, and transfer function model

= How to identify state space model from input-out data pairs

* Question: how to use a state-space model?
= Predict system output: solution to a state space model
= Analysis of behavior: stability/controllability/observability
= Design controller

= The goal of this lecture note: Given a state space model

Derive its solution analytically
Stability -

Controllability &
Observability &
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Outline

= State Space Solutions
= Internal Stability

= Controllability

= Observability

= Invariance under Similarity Transformation
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not
= General state space model: ’@;\Aﬁzﬂ

x(k + 1) = A(k)x (k) + B(k)u(k), timg
y(k) = C(k)x(k) + D(k)u(k)

= If system matrices (A (k),B(k), C(k), D(k)) change over time k, then
system is called Linear Time Varying (LTV) system

—_———

= [f system matrices are constant w.r.t. to time, then the system is
called a Linear Time Invariant (LTI) System

N e NN L —e———

x(k+1) = Ax(k) + Bu(k),
y(k) = Cx(k) + Du(k)
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= Derivation of Solution to LTI state space system:

x(k +1) = Ax(k) + Bu(k),
f y(k) = Cx(k) + Du(k)

= given initial Stati’f@,)j@ and control sequence u(0), ...,u(k), k =
0, we have x(k) = A% + Z L gk—=j- 1Bu(])]

K= Ao+ Bub) = AR +Bul?)

AX2) = Ax + Buw) = [\2&{- AB Up) + Byl

T =R + BUC) = A&+ BB UL) + ABWI 4 BL(2)
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= Alarge portion of control applications can be transformed into a

regulation problem

= Regulation problem: keep certain function of the state x(k) or output y(k)
close to a known constant reference value under disturbances and model

uncertainties

!
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Keep inverted pendulum at upright position (6 = 0)

Maintain a desired attitude of spacecraft or aircraft

Air conditioner regulate temperate close to setpoint (e.g. 75F) I
Cruise control maintain a constant speed despite uncertain road conditions:

Converter maintains a desired voltage level for different loads j

_______________________________________________________________________

= If reference y,f(t) is changing, this is no longer a regulation problem
(becomes a tracking problem, which will be discussed later in this class)
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Outline

= State Space Solutions
T s tn vepect £ gquilibrinm
» Internal Stability 525° “”*-l"l'“a_ T !
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= Controllability

= Observability =
A A oY
= Invariance under Similarity Transformation
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= Internal Stability (with u(k) = 0, i.e. concerned with zero-input
state response) is walily o }’0'0(* W’WWS yetem itk contn(

o™ aboot the ¢l ) [v
Vet 1) = Ax(k) A Bk, [ which the comtallr s
y(k) — CX(k) + DU(k) M.N'td/\:) k[*\ 1" FWPDV&V‘A

] [Asym totic stable: ||x(k) || S 0, as k — OO,@&H initial state X

eJ- adky= [Z(ﬂ Oﬁj ixtey )| - o e all &
( 3 & ¢ ! =
= Margmal stable: <M, forall k =1,2,. 3 (/XO&D 20X 4 4Lk

)= ( L@g/} Griellow s wlir= -3
2% + ()& _

= Recall state Sf)ace solttion for linear systems: &Xt D= - h) -

(/0

C
@ Z//*Bu(,)
j= m‘Mr’m« S‘(-&lo

, ek w( [45;0
= Therefore, or linear system, the key for stability analysis is to

understand how A* behave as k — o
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AER™ 5 n ey AT 4) =

= Case 1: diagonal matrix:e.g. A=|0 1, 0
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= (Case 3: Unfortunately, not all square matrices are
diagonalizable

" eg. m is not diagonalizable

— e

recal L+ AL SQLW*’E Wedrices  arp Llock. dt‘ﬂgﬁmlizaé(q ‘Jcl/\(:] o bp

PVUt it Tovdlan ~forw\
? But cavlcl%s\‘m \6 M@

T all (ases
= Theorem (Internal stability): LTI (4, B) is asymptotically
stable if all eigs of A satisfies [4;] < 1

@ aside Lnit cicly
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Outline

= State Space Solutions
= Internal Stability

= Controllability

= Observability

= Invariance under Similarity Transformation
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Nontrivial Fact (by Cayley Hamilton theorem): For a square

matrix A € R™", A* for arbitrary k can be written as a linear
combination of {I, 4, A%, ...,A"1}
Ak = N gAY tarA+—agt

" Eg:A= [_@1 :%] A9= [1316559 ééiz

-2

We can write A = aol + ;A = [o(a-\-ol.

_d|

= d\a—“51l “\’“‘52‘{’ —

_ |23 O
A‘["gél / l@zd,’i{-%/ﬁdlﬁ"
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= k-step reachability: k- seep

= Given a system (4, B), a final state x¢ is called k-step reachable from

an initial state x, if there exists an input sequence u(0), ...,

such that x(k) = x¢ B Ul CR”

g £(<1£) = Afx, + Zﬁ-‘;& ARTT1Bu())
= A*xJ + Bu(k — 1) + ABu(k — 2) + 4+ A" 1Bu(0)

= Matrix form: (k) - f\% = (B N} AR - AHB ]
WQ wowt t7 —ﬁ\d “(D); - “(-k“) M CO(“HQS N M~ colimp < U(,Q‘)) ¢
. —— ‘.
o 4w X)=Xe Ty plher wods, Rem - eo(umns
Wl Wemt golye = ) )
\e QZ:M))( T K %(D) _/\
o5 = Mty o
hX | " & () Unknown - Sy hos g=lutdo [’)CMCM = X

= Reachability Lemma: a final state xr is k-step reac121ab e

@—@E range ([B, AB, ..., A¥"1B])

M - >
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= Reachability Examples: %

» 4 = [g g] B = [ﬂ, with x, = [8] Find out what state is reachable in 1

step, 2 steps, 10 steps?

in on¢-step
s 0= Aot = Bu) L (%], Foeme &
X e l(B) —

0~ Y o2)~AK, = | ‘
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ostep Vechdio stle) © Xpe A([B)) 2IRE | he. Al studes KT
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= Controllability

= A system matrix pair (4, B) is called controllable if any state x; € R" is
reachable from any initial state x, € R™ in finite time steps

= In other words, for any initial state x, € R™ and final sate x; € R™, we can find a control
input u(-) to steer the system from x, to x¢ in finite time steps

= According t chability lemma, this requires;
e range ([B, AB, ...,Ak—lB]),
\ 4 - N
! C ouf\/\k) =R

= So system is controllable if and only if
rank([B,AB, ...,Ak‘lB]) = n for some finite k
\/\,\_\/ —~

=

= One way to check controllability is to keep increasing k to see whether
[B,AB, ..., A¥"1B] is n or not

* Cayley Hamilton Theorem indicates that there is no need to check the
case for k > n
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pxn
(,)|R_ /7 |4
: Controllablllty Test: (4, B) is controllable if and only if the
controllability matrix M M = [B AB --- A% 1B] is full rank &) Yuul((Mc) =

» Cayley-Hamilton theorem implies: rank([B AB -- Ak_lB]) =
rank([B AB --- A"_iB]), forallk > n

- entaloble & vank([8 6% - A8Y) =0, for some Satte

M
f-——s-\/K,

—
~ Ea (a\l:)[c:’ ~Homilfoq Thm =5 wnk([e, &R - AHB:]): mk([ls AR .. A’“ls])

ol kzn e

u)nn): Sup e b=rnt| N\k-[% AB - A'”ug @; 8=Cb b, - bu)
N~
W knsw H =L tai4+ £0n, B \>ﬁ|5 [m Alb. - A'b

Y\XM

—DP\ B is a (u’\&vr (,omb»mrhm ,ys-. oahmn; :S_ Mc.
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€0 w=0) L %3] check  na-A=(B an -4*4)

m ExampleS: \\\’Tj\) X = []Mo chmse UW=3 > X = BJ {Xf [\-*i)
U,

A= o= ] B neli)

=2, m=| , M 2[“ 2] , rokaN’(/ [<2 >meefom

21 . [
. 4 = [0 1],3 thtin w2 (an hevon veach x4 -frr omy ke
-N=2, wm=) I L
N\c{. 0 s L TRN= 2 D tontrilp
=n
2 1 0 0
= A=|0 2 1|,B= 0}
0O 0 2 1
Nn=3, m=)

M= o {_ / vquk(Mg)=3 =n = Cortnllple

Wei Zhang \—\’\r Y



Outline

= State Space Solutions
= Internal Stability

= Controllability

= Observability

= Invariance under Similarity Transformation
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Observability:

= Asystem (4, B, C) is called observable if initial state xy € R™ can
be@iniquely determined given the system input trajectory
u(0),u(1),...,u(k — 1) and output trajectory y(0), y(1), ..., y(k) for
some finite k

= What is the relation between output and initial state?

= Note x(k) = A%x, + Z;{;&Ak_j_lBu(f) <
= A% + Bu(k — 1) + ABu(k — 2) + - + 41 Bu(0

|2
=AM+ AT AR - AB 3] (U - mx vectorn
n coams uO
‘3[9) =X+ Dulo) |
Y= (W) + Dw(\)ch\g\_('g-&c ) +pulh |
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= Continue derivation for relation between y(:) and x,

-

rye)
Ya)

A[S

I-Q.'VS db&iu \Tk:
B, 3(0) ) ]
J0) CA
Joy | = CA?

. .

k-1 C
SN

Wei thn\g\

UL Y
y MK: L)
| W)
i D o b
CB | D o o
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CAMB | Cﬁb}B
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uwlenows nawn
N ¢

In vector form, we have: Y, = 0, x, +I’S\£" = 04X =<Yk — T U, )

= Oy maps initial state xq to ouput over time [0, k — 1] Suppeys \\/
* Ty maps input to output over time [0,k — 1] fon examle ¥ % =

V&GNM(\(&)
QX =0 Ok@éf_?)'—' b

" Xxo can be uniquely determined if Null(0,) = {0}, i.e. m

for some finite k

Recall ©  Conservirtiom D‘S‘ olin

dion (MWl(L0Y) + ok ( Oy = n

# 0{- Column

Null(Oy) gives ambiguity in determining x,

Input u does not affect ability to determine x,
= its effect can be subtracted out

= So we often say system (4, C) is observable or not (No need to mention B)
L~
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kA
= QObservability Test: (A,C) is observable“if and only if

C
observability matrix M, is full rank, where M, = C:A
cA.
= Note: (A,C) observable & Any x, can be uniquely determined b}N
u(0), ...,u(k — 1),y(0), ...,y(k — 1), for a finite k N = stte

W\\a? ('\'C(Dfoll\ﬂo to "HA-(\)VNWM §LW, % Con be u,w,\zwb d&"'@i‘m'ma( M(M

;,S- yauk( Ok,) = N "F"’ Sy -fmi%e k-
de (—FMJ( “ ( CH Ttheorem v shdQ |7')
YauL(rg’a\ ) =rk(fs]) . $ k2

\/mb' | L N
- Q ~ \ v
k( : F.C
R )k Y L S g ke < k(M
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Fompe (7 A e
= Observability example: 29
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1 2l 1l : ’ ’ %=1

oY-@m@: d = Chv 23 x < messwy Pesitio

‘0"5%{2( with st @f 3= (o )% <& weaswy \/@Loufa

('Em‘wi,
0
Ket) = Q[-tak-/ﬂ KK+ at B ulk) = [' ":’JIX&H [ t] u(k)
”, =t
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Outline

= State Space Solutions, /

—_

= Internal Stability ./

,

= Controllability /

= Observability \//

= Invariance under Similarity Transformation

/
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= Change of basis vectors for equivalent system representation

* Canonical coordinate system: ry= 2
e A NX [BJ - dein
>
g
= New coordinate system: basis vectors
_ KX qu\ Wl Can cheoe mew  bast ctors IRL
= > Coprdiyat
p =[], e[ o coliest
& 2 ‘6%@)(
. Wt

X=2€1+20; = 30 + =00 &) (2 B
= Relation: x = P;\) F 'S nmdﬁ“““ romedriX

SOENN
> P=C2. 0.

é/Cew €.) [’;‘J =07 2 Li;lsuw 2
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= Dynamics in new coordinate systems:
= x(k) = Pz(k) = z(k) = P"1x(k)
= Dynamics in original coordinate:
—~x(k + 1) = Ax(k) + Bu(k), y(k) = Cx(k) + Du(k),

" Dynamics in the new coordinate-
D

(z(k +1) = Az(k) + Bu(k), y(k) = Cz(k) + Du(
= Derive (4,B,C,D)

2Usi) = V%) = I ax® + b Bul R= y'ay

':-(LH I Bluw) B=p's

T

B e
1’)(“&‘@20:) t [ ute) b=0o [0}

&/Q\ D

» System (4, B, C,D) is called equivalent to original system (4, B, C, D)

S0l 00 o wlee
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= Similarity transformation does not change system stability;,
controllability and observability

= A and PAP~! have the same Jordan form, so similarity

transformation does not change stability, i.e., A1s (asymptotically)
stable iff A is (asymptotlcally) stable
— TN

Genowl (ig - A=TJ ‘( s Fela oo
— riten

A= PAP- PTS TP = (D) 3. (™
A o A has the Some et °j‘ CE}&WA"‘()
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= M. = P~M,_, with this it can be shown that M full rank iff M, full
rank

therefore, (4, B) controllable iff (4, B) controllable

mcr-[s AR - AME)
= [\’*B Papr o (AT e

P le me - AM) =Pim,

V;F.T,‘- $‘|\§~ P 'S nsnsu‘WV/ rmk(Mc_) - famL ( P‘(Mc> &—
M, = M,P, similarly, this implies (A, C) observable iff (A, C) observable
A~

Yauk( l\’?\,) =0 &) Yk(M)= n
l
M, P
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