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= State space solution (with zero control u(k) = 0)

 x(k) =(A)x(0)

= Simple Case (Diagonalizable):
o :

Az

= A=TDT 1=T T-1

» Transient response depends on the terms of the form A¥
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» General case: Jordan form

J1
1 _ J2 1 Kk _
* A=TJT=T LTt Ak
Jq.
= Fact: lf]l = 8 ;(l)i j :>]lk =10 /li( k/li-(_l
: 2 0 0 Af

= Transient response depends on the terms of the form
k(e =1) (k=) k-
J! i
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= The shape of transient response is determined by the locations

of the eigenvalues /(ﬁ
A=p [f;’;ff;) Ef;gz)) = M1, = pleos(6) £jsin(8)) __[I\]<E

%

e.g: x(k) = A¥x(0), with x(0) = [1 1]T
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= Large |A| produces slow convergence, while a small |A| produces fast
convergence

B=0 I\

= A W produces a monotonic response, while a complex A produces
an oscillatory response

= For a complex 4, the response becomes more oscillatory as the ratio
Im(A)
Re(A)

= Control design goal (for linear system): to \modifﬂ the@of original
system to achieve desired response.

INncreases

= Feedback control fall into two categories

= State Feedback: all state variables are measured and can be used in feedback
uQ) g(©) N2l — w®)

= Output Feedback: Only output y = Cx + Du (typically dim(y)<dim(x)) are
measured and can be used in feedback Yé)

\y
u(t) = g () 5| etnled—> wle)
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= Eigenvalues < System Response dlk)- Ne) = (or, Cz:)[‘)ﬁ(k)l
9(,_()()

Full State-feedback: Eigenvalue Assignment

= Luenberger Observer Design

Output-feedback Control and Separation Principle

Wei Zhang CLEAR Lab @ SUSTech



vlpgad‘ ©oder've e sy (k) to “2en” [ stabi (i 2etion /Vgu/arﬁq)
= State feedback: full state information available to make control

decision: > X5 ], 4= [ '3;]
= We focus on linear case: Let@ [ineer ﬁmc af. SR kC ,K;x;_

= we just need to design the feedback gain matrix K

L{ﬂ i w

* Plug in to obtain le\;eﬁ,\d—lg\quystem: -
= x(k + 1) = Ax(k) + Bu(k) = A+ B (Ratk)) —A%}mk)

wxn

SR

= Closed-loop system matrix: (A-BK)= Ac
(D) = (A-Bk) o

= Pole placement (eigenvalue assignment) problem: find K so that the
closed-loop system A — BK has the desired set of eigenvalues

K YABR) & shutm + 4y0)= QL (h-80)) =
Yoot oure e,:7 }‘
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* Single Input case: el

» Consider controllable canonical form

0 1 0 0
A—< 0 1 >,B = 0 ) C and D arbitrary

_ao _al e _a‘l’l—l _1_

= If a system (4, B) is in controllable canonical form, then it is always
controllable (verify this by checking the controllability matrix of
(A, B) —_

m.=[3 Bt -. “'“BJ

one wn shw et Me b a(Mgs fvll sk f’”ﬂ ~,B
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= Characteristic polynomial for A

0 1 - 0
A= 0 1
—Q& 0 -t TOp—

" A[T(A) = A" + an_lﬂ,n_l + -+ a1/1 + 04}
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L [/dlsgn Vowiaplp
" Characteristic polynomial for closed-loop A¢) = 4 — tf@ y
~ T 7Y ™

= Assume: K = Lo
Kch '1&“ El: -

~ O | o -.-- 2 ‘\ r’o 3
9‘ o.‘ I\ ~ ? - (:’, [k| kb Ln3
L‘;(a \‘dT -\w ’~0—(;H )\ L0|J

))

r‘ 0 ‘ ' 9 o ..- I MO
= O o | 9 - .- <
l‘ Y‘ l ~ . . .
\
Nk ok - ~ohyky)

| AAcl(/l) zﬁw)ﬂn_lwkn—ﬂ/w_z 4o
T (g + kA (ag + ky)

C‘W"SQ i - ka = Camrle{tb oot rmme e (@e_‘ﬁﬁ\cmﬂl -4 4, (y\)
ed
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= Eigenvalue assignment: given desired 14, ..., 1,,, how to choose K?

TN ———™ f\

= Step 1: Find desired closed-loop characteristic polynomial:
. Adesired(/l) - (/1 o /11)(/1 o /12) (/1 - An) :ﬁ + Cl;fl_llln_l + -+ CZI)I + C(S

——————

- Mok, = %1 Hon Agoing (= (- 00) (g )
Adesire, 2 = -0 =AHO A - 0.0]
N

¢ -
% oo = ~0.0' ; | = (9
= Step 2: We know: A, ,(1) = A" + (ap_1 + k)AL + (A, +
kn—1)A" "% + -+ (a1 + k)4 + (ag + kq)
choose k4, ..., k,to match coefficients

WE want o choose E£=Ck; - &) such Lhat
e ) = Aglegnf O)
Mockch Getfront . .
=) Kimob —oto | o =0=a; , ~ ,Kq= ohy~0in,y
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= Eigenvalue assignment example:

A= l(é é‘ , B = [2] , desired eig: A} = 0.5, A; = —0.5
) 7~
(. v 4

Fod B2k &) suh ot e9(A-BR)= fos, ~os]

U Shiad W) = (A~05) O to5) = 40\ ~a2s

= <~
= o> = -028 | =0

S'('¢yZz o(o‘—'l) O(\=2 '_‘9 \<(=0(:; 0(.,-:—[\}?, kb-:_o{,k—oﬁz,-\z

=  k=[-les -2

chede > -PT(.L: 'Z\~EE-: o | —[9 o t[a \)
- -2 -y ~2 heyt o

- e N
ol@k()\l* Au.> ‘1‘7\‘0‘1’5‘ = A=#tos \/
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SLyo
= What about general single input system (4, B), with B € pnx1
Pt " m ¢ ) wi (4 (

= Recall: If original system: x(k + 1) = Ax(k) + Bu(k).€ et A Ca form
Controllability matrix: M, = [B AB L‘llﬂ_g 0 MEAS  ape
= Under sipilarity transformation: x(k) = Px(k), we have:
(f% + 1) = Ax(k) + Bu(k), withA =P 1AP,B =P B how +2

W2 (B AB - A"1B] = P, )€ 5% as (i pgyrgt) 174 17 P
‘\—w\

TEwemfd Mo, D J5 Toml S p= M|
-\FACT:!eig(A) = eig(A), hence :',AA(_’}) =(Az(2)
A=Fp /

*= Main idea: P as we bnow Y
* transform the system into a controllable canonical form (4, B)

* Design gain K to assign eig(A4 — BK) to desired ones

= Transform back to the original coordinate to get K so that eig(A-BK) =
eig(A — BK)
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= Eigenvalue assignment procedure for general single input
system (4,B) T fid P we need Me & wi need i & (owrow A éﬂ
= Step 1: Similarity transform: find P, such that x(k) = Px(k), and

X (k) dynamic is in controllable canonical form AL
(1) Given A, compute: Ay(1) = A"+ ap_ A"+ 4+ a1 + g ﬂ\

Qiven , Can be cTprtes = 4,0)
(2) We know: Az(4) = A4(4), by controllable canonical form structure, we ——
have N

0 1 - 0 0]

A= 0 1 ’B - 0 ’
—Q —a; -t —0pq 1]

(3) Compute controllability matrix: M, using (4, B) and M, using (4, B)

—> P =M;?
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» Step 2: find K to assign desired eigs for (4, B)
Ve b eamed hw o {3l B swh s (R-BE)= e

o ﬁdcsfm,{
= Step 3: compute K 7‘@

We e iil(/i\i“)':eydes:rw(

= Note that A — BK and A — BK have the same set of eigs

N~/

~PAP- Plskp = P (A-sD)P

= Coding Example: A=[2 0 -2; 4 -2 2,0 2 -2],B=[101];

Wei Zhang CLEAR Lab @ SUSTech
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= What about multiple inputs: (B € R**",m > 2)

= Sometimes has redundancy, we can just use one column of B

to assign eigs we haw (eamed how t: olesy
SN ), o R i
_ N1#4 2 e?:](ﬁ\-gk): T
Ext: A= (], B=f! | Can o LT e
[_Jam ]; [ol .\)] ) an M +\"( k:[’; r i: ,  w=-kax

Theslo w05 v am ok Ra[® 58] s enRE)
x> O {gme) ’@;[}: %],wm T ‘\?]M(\A’B") o
= General casets\quite involved, use nulflerwsign

_eigs or uselLOR rontroller which will be covered later™\
—_ \ o Kk k '\.“,\’\2‘.
A" [:?][\‘\ e \3;] “ A-Bk ea—wﬂ@ﬁ'&(
_ |
) Rleesyea]

2%, zjc‘/:(q\‘/ )J
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|2
= Remarks on choosing desired poles (eigenvalues) | 7 ?
» Continuous time case: "\7( /%
/ w% \Jom?""t ]"5
H(s) =

s2 + 2{wys + wj,

" w, :natural frequency
= {: damping ratio ({ > 1 overly-damped, { = 1 critically damped, ¢ <

1 under-damped) H(s)= - Vi)
G-I (R

* Under damped system ({ < 1): two complex poles: | g._ 5
P12 = —(wp t jwy/1—?, define: 8 = cos™(
—N ((/ ——

Wha Imy¢ \)
(650 = - } — = S Pr wn/ 1 — 2 Q(‘Ef(\]wb‘t

Jpes wn ey

P2
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MP, —————————————
p /'\ Im‘ Css
1 1.0+ 6 -
S wny1— {7 R  —— e s e
PN 0.9 F———7 / ——- |
& | N ¥(n) 10— 8 |
* 8 ?\s' _ |
((,l) I > Re :
nj !
| i
p2 X 0.1 -— :
0 : ' » Time
TS
L—T — Settling
time
— Tr—b
Rise time
4 . . .
T;%; -, seftling time = Tradeoffs:
n

- 1. Poles moves to the left, i.e. larger {w,
T, % =, peak time —
@ng 5 > Sw, P baser = g decrtase

{
| 2. Pol l.e., 1 J1— (72
PO= 100e V'** percent overshoot oles moves up, Le., larger Wny 1 — ¢~

CmErouat ('w},(‘.c: ) T\’ ( l’"l')‘ \wjer )
We Cav't wwe PJ@; o mud 3'SVH_LELHE£8 — ller I ¥. 0.
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= Discrete time case:

= Relations:

) I E— Z“tram:fﬂ'm <& > Lo (ace '-(-/an-f,
] —_ — n i n 1 — 2 , STHYm

= T:sampling time % o

- (% — es;T ‘}oles: 2,22 ( ﬁ (Y“))L

= Pole selection example:

= Suppose we want settling time T; < 5 sec and PO < 35%
4

wlu"’(w‘blil‘.) »% S SE S —\) Sw,\ 29
-5z
Loo eJrr <35 3 Z 932

We Gn doose  5=0§  Zun=| = W=

D Pa=-12)z T sephy e Too03
2 = C(“‘ £83d>003
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Fll stwke fjceadmk "L{C\lr‘*_ %) oS e @t;.ruv
— b

* Observer Design: gyt feentback Ly & N AN

state vector is not available; u can only depend on output y

Observer: estimate system state vector X(k) = x(k) given y(k), u(k)

and (4, B, C, D)
Key: generate estimate w according to known system
{,ESEMR ok Covrection term

dynamics: o
S\x(k+1) = Ax(k) + Bu(k) + L [y(k) — Cx(k) — Du(k)] ~

f- R = k), then the Vet 4rm =0 q%(@lh?((kﬂ )

() £ %00y, then modify the €stimie e malkiplging  gon mednx L
/~
wih e ge-Y(e) G = X+ Uy

Iteratively update state estimate using previous estimate X(k) and
new data available at time k: u(k), y(k),

This way of estimating state is called Luenberger observer

Wei Zhang CLEAR Lab @ SUSTech
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[S,Q—(RW' C e—lK‘u" , k- T "
= State estimation error vector: g\(k) = x(k) — x(k) &R
= Error dynamics: e(k + 1) = (A — LC)e(k)

eletl) = ne(k+1)— &kt = MPM B/I«@ ~- (A& +B }@Jr L ( MOBYE (N
L 0= Q) +p iy ~Di) )

= A(xG) -~ R - _A
&~ %) ~ | C (o) R )

e Ue) e (k)

= =t
) lenown

* Goal: design L matrix such that eigs(A — LC) are at desired locations
to ensure estimation error converge to zero with a desired transient
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= Observer design: Find observer gain matrix L such that error

dynamics have desired eigenvalues ,de @\Q ' @ 3
le<

* Duality Theorem: (4, () observable & (m controllable

(remark: We say a pair (F,H) is controllable if a system W1th “A” matrix equal to F
and “B” matrix equal to H is controllableths also means M,

[H FH F?H --- F" 1H]is full rank)
e = Foact H-uy

UJVC) obsermbly & V‘aka\l\a) =n  uwhwye N,= PQCA A
ARV = ‘.

=) Yenk( W )=n aly

W7 :[@? @@ @S
IR, ) o 24
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= Consequence of the duality theorem: If system (A,C) is
observable, we can use feedback gain design method to find
observer gain L such that eig(A = L() has desired eigs

C‘(‘Do»(.‘ g«\o(_ L Swdh "u\‘u“r @%(A—Lg) = \}70‘,5‘\%

e A=A, B =, we b low +o Tl K

W odse Bnew ety( ([3\' J@’[ﬁ) = C;j (C/}(_’k\'g)‘(‘)

—ey(AT- ETE7)

:et‘j((,\ A@C>

Go  w¥ (on lelmgg L:%T
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= Output feedback control procedure:
= System: x(k + 1) = A x(k) + Bu(k),y(k) = Cx(k) + Du(k)
* Find K, L such that 4 — Bé) and A —(@ have desired eigs
= Attime k = 0, pick arbitrary X(0)
= For k >0, given X(k), u(k), y(k), compute:

» X(k+1)=AXx(k) +Bu(k)+ L|y(k) —Cx(k) — Du(k)]

» u(k+1)= —Kx(k+1)

= General guideline:

Y=
O}t {2
& ‘obfemrL }

n
’ﬁ'Xu‘(‘M €l

- dliwn

Oyn sy >

eigenvalues of (A - BK) are chosen to meet the design specifications

on the transient response. The eigenvalues of (A-LC) are chosen
much faster than those of (A - BK)

Wei Zhang
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= Separation principle: Observer eigs and controller eigs can be

assigned separately A il
e . k“@ N [xo] )
o C/g_s_e_, -loop dynamics: joint state vector: e(k) with u(k) = —Kx(k)

= Dynamics for joint state vector:
x(k+ 1] | Ax(k) + Bu(k)
e(k+1)| |Ax(k) + Bu(k) — (A% (k) + Bu(k) + L [y(k) — Cx(k) — Du(k)])

_ [Ax(k) + B(=K)2(k)| _ [Ax(k) — BKx(k) + BKe(k)
B (A—LC)e(k) B (A —LC)e(k)

@Hi@m] <0 v (1) = ey @y ey

* The design of K and L can be done separately to meet specified

controller and observer performance (characterized by eigs(A-BK)
and eigs(A-LC))

Wei Zhang CLEAR Lab @ SUSTech 25



= Summary

Wei Zhang
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