Fall 2021 ME424 Modern Control and Estimation

Lecture Note 7: Kalman Filter
- Probability Review
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Kalman Filer Preview:

= Given stochastic linear system described\by Crcun ssian
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= Kalman filter: compute the " estimate of xj given ;¢ .+ kn™"
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omL
> Wk < Wi has §
@ (—3{ Plant de p L

——

N\
X |
(i3 M—

* From Luenberger to Kalman:

@r Deterministic to probabilistic model

@r Stable observer to optimal observer/filter
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Kalman Filer Preview: Luenberger observer vs. Kalman filter

elR
= Example: Xg41 = Xg, Y = Xg +

1, ifk=m
0, otherise

) , where vy, is white noise with

cov(Vy, V) = p=l, B2, €=, 0=

~
Ignoring noise, we have determm}'stlc model X1 = Xx, Vi = Xg,
——

Luenberger type observer: X1 = X, + L(y, — Xi)
Estimator error dynamics: e(k + 1) = (A — LC)e(k) = (1 — L)e(k)
E.g.: Ly = 0.9 and L, = 0.1, both provide stable error dynamics
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= However, with noise, both L, and
L, perform poorly, L, is worse than L,

= The optimal observer (Kalman filter)- |
is much better 15
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Kalman Filer Preview:

= Given stochastic linear system described by
Xik+1 = Akxk + Bkuk + Wy,
Vi = CiXy + Dy + vy )

= Kalman filter: compute the” " estimate of xj, given COOQC-‘
input-output data history {u;, y]}k Yo (W),

» Kalman Filter Solutlon(b\:\(xklyo,yl,. k) \é\
kE s o vz tfﬂ 9“* wmywh\g opno{ B €X tatim

= Our goal: in-depth understanding of the assumptlons

derivations of Kalman filte
= yobehilivg <o Gaditel P [enpecnter
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Outline

Probability and Conditional Probability

» Random Variables and Random Vectors

= Jointly Distributed Random Vectors and Conditional Expectation

» Covariance Matrix
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What is probability? 2

= A formal way to quantity the uncertainty of knowledge
about the physical world

thene i3 00 Wk g prebablit
—+ Formalism: Probability Space (), F, P)

" (:sampling space: a set of all possible outcomes (maybe infinite)

= 7 event space: collection of events of interest (event is a subset of
Q)

" P: F - [0,1] probability measure: assign event in #to a real
number between 0 and 1
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Axioms of probability:

= P(Q) =1 P D{;gjol'\-t

* ANB=0=P(AUB) =P(4) + P(B)

= Important consequences: A 70
5 P(0) =0 & (PO =p(SLUP) =PONAPD | = pld1=o
= Law of total probability: P(B) =Y!P(BNA4;), for any
partitions {4;} of Q

k(f = Recall a collection of sets A4, ..., A, is called a partition of O if

odivde

= A;NA; =0, foralli +#j (mutually exclusive)
< Co"(? We

= A, UA,UA, =Q 2
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Conditional probability

=% avYa

= Probability of event A ha
occurred

ns given that event B has already

O4nthe above definition
Giivm 0790

* We assume P(B) >

= What does it mean?

QCOHdlthH&])EI‘Obabllltg is a probability:

» “Conditional” means, (Q, F, P) the is derived from an original
probability space (Q, F, P) given some event has occurred

= After B occurred we are uncertain only about the outcomes inside B
24 N\=%1. 2,
S"bw{- \"(7“ ) 2

! (- F. P B={2. 4,45 TA:{() /3

=) Wnt+ B 0 occurged -) new syw(ﬁ F) mj
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= Bayes rule: relate P(A | B)to P

Bl|A)P(A
‘%,L(B)( )

P(BAA)
P(3(A) = A, =) P(BnAI= P(8[A) P(A)

— E(Al B) -Pl)

= Events A and B are called (s’t\a/tgg(?lic\a/ll_y) independent if

= Or equivalently: P(AN B) = P(A)P(B) ALR

P(AOG)= PA[B) -p(e)
ERIONIC)
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= Example of conditional probability: A bowl contains 10 chips of

———

equal size: 5 red, 3 white, and 2 blue. We draw a chip at random and
——————
define the event:

A = the draw of a red or a blue chip
Suppose you are told the chip drawn is not blue, what is the wbability of A

e

(ﬂa?,?\) SZMMY(‘A:) s)ﬂCC ﬂﬁi T\"frz - YS; w"WLIWJ ’ LH L’l}

Af_{rl) Ya. Y‘g" h,lol

Briem x5, v,

i .
y
P(A}': | o 7 v FQ}]:%

ECP\) — P(/'\\ B) = P(A(‘B)’ =

7(5)
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Outline

= Probability and Conditional Probability

= Random Variables and Random Vectors

= Jointly Distributed Random Vectors and Conditional Expectation

» Covariance Matrix
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= What is random variable and random vector?

= Deterministic Variable/ constynd

= Random variable:

~ ). I4 S de Xtrmivste varrtable

2 takes one @lue (S'\'}SQ ~wlue vansble)
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How to specify probability measure

" Discrete random variable: probability mass function (pmf)
e.g. toss a coin oY die] A = {;,z\, 3, 6,8 6y pme @@ = b ( 44
1 ey T .
(F:(\g )fls., ;,HS, T2}, {/,57) f’,z---g)) outtone)

Forouvj AeF |, s wmeaswy . PAY= =2 P4) L
A
* Continuous random variable: probability density function (pdi)

e.g. temperature density
T

XelR, N=R , A=Cy 24.5)

L R R

VAN

P(/ﬂ‘:‘f ‘fX(M)dpc »\(C

Xeh
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How to specify probability measure

» Random vector: scalar random variables listed according to certain order
X,

" n-dimensional random vector: X =

| X ]
" @\I otation) We typically use capital to denote random variables (vectors)
and loweér case letter to denote spwe‘sihe random variable takes
= density function: f(x), x ER™ | &= ( g{]
g % \
\
:g(’x) is short homd

Netotia v —9(«..«,_..«,,)
= probability evaluation: P(X € 4A) = | Wi (x)?i? |

- Pa) = fAf(xwdx h X )X<1J

JZS‘B \& D 2] x[ > 5)
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Nxm
XEIR o
Expectation of a random vector X € R:(/7 7 A P stalpy,
)

™ Ne— . c.
MeaN Continuous random vector: E =} dx

= Examples: Let X € R be discrete random variable with
Prob( [gd) =- Prob( [1 D = -, Prob (X [ 1 D Compute E(X)

O~ w30y # 4[] = (3
e w2 s /@

= (
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Linearity of Expectation:

= Expectation of AX with dg [nigkC constant A € R™*™ matrix:

\ g A dettrmiane
E(AX)= f@-fx(«x) e = A-(afcods =p e

= More generally, E(AX + BY) = AE(X) + BE(Y)

,85 A. R g tetemminiztie matrices

0.1

= Example: Suppose X € R, Y € R>, with E(X) = [0 el E(Y) = |o. 2]

0.3

1 1 1 0 O
A= [O 1],B = [O 0 1], Compute E(AX + BY)

E(AXt8Y) = ATK) +BE(T) :[ J( J (o2 (
o o) o1
o\}

=1 035
. 17
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Outline

= Probability and Conditional Probability

= Random Variables and Random Vectors

= Jointly Distributed Random Vectors and Conditional Expectation

= Covariance Matrix
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Jointly distributed random vectors: @ € R/’M
* Completely determined by joint density (mass) function:

SO A LT Vv N 2=[¢ ,3%(?

Compute probability:
P (Q(,\’) 3 A) = ,(A’ﬁq'(“' v o(xda (%)

-(marginal density: X ~ fx(x),Y ~ fy_()_/), where
fx(x) = mefXY(X» y)dy, ‘ fry) = er‘zfXY(Ax: y)dx,

—e\ e,

<

v: ’ > 'Yo\,(Xay(l \leo)
al( pesthle v

= Example: x = ‘Xzzl ,Prob (X = L%]) =2.Prob (X =[] ]) =3 Prob(x = [5 )=1

VT

= This is joint distribution for Xy, X,

morfina fw X, \ 5

<) 3
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» The conditional (ciensit};: (X,Y) ~ fxy(x, )

= Quantify how the observation of a value of Y, Y = y, affects your
beliet about the density of X

* The conditional probability definition implies (nontrivially)
P(A | B)=P(AnB)/P(B) :»G X = i|Y = ) = L X=LV=))

\ M\V\V\ @ Q—

5K

—

~ Prs(b=y)
X+ Shtnghtn tomporscinve
de""H’J °F X Y 9Mzhan -~ =26
= Law of total pl@babili’cy:G(AOT’;‘:1 P(ANBy) = i) P(A|B;)P(B;)

2] y(x) = fxiy &) fy () dy “//
( = ( i d- (/% I\N RM |
fxg [ewdg 22 e ; L 5>
e j—&xﬁ(txlg) ‘_ﬁ (3) 0(3

) = frix@lx)fx(x)dx Z)
RM
= Xisindependent of Y, denoted by X 1 Y,
_ifand only if (fyy(x,y) = fx(X)fy (y)7

Fletly = 0 ' o
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= Conditional expectation:

= The conditional mean of X|Y = y is

OEDE j i Gl

EX|Y =vy) =2i-Prob(X= iy =vy)

i

(X

= Example 1: ) @ X
ing =\ 3 4 5 6
= EXIY=1) De]( ?E(Q__) < | s 1
‘. 2 2 1/6 1712 1712
K &= 2 A Y 3 112 1/24 1/24
D
pob(2=2) = Pob( X=2(}z2)
EOS[I:'() :E-’E) = 2% 4 }‘Z({ + (('—4; P;:,Hxaz \/tz))
- E(XIY=2) =4 = s
\_(\J\,_) @ Wob(¥=1)
) QMI.(MV !
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= EXX1Y=3) > similer

= Example 2: Suppose that (X,Y ) is
{(y): =6 <x < 6,-6<y

iformly distributed on the square S =
6}. Find E(Y |[X = x).

A
we know &T(,’."Q =f@ > f W-(Dés
D O'HGVW\SQ
to Gom pa
we heed P"'N [E(Y(X:tx) :J y -j:‘fl (3}()() 0{_3
e

‘5‘(70:))65 =) E(Y(X‘X) S‘\&,\%'[X(Ulp‘)o‘:) -

- 0 22

otherivise




= Law-qf total probability implies:
EX))= Xy EXIY =y) -py(Y = y)

0(1\/70(@ 4 cbnfllwf‘

E(X) ':S/x iﬁéoc) ol x :j/\( q ﬂ@@) olx =ff'x QCXIT( xlb)ﬁ(b)oly
L

Ay
ey
\g j( ffxfx’r(wl 9) dx

on) fanction 0F X, T3 2% sty

2
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= Continue Example 1:
2 3 4 S 6

- CD\MMQ EQ<) Y12 10/4 :;i ]]//]82 >
N\EHIOr{:L CMTWhg ‘VO"’DI\'\‘VL gj\X 3 o 1/12 1/24 1/24
S = E(X)=
e E(X)=2.
mL(-)-er-fﬁzl%T# 13k

Nebed 2" E(X) =(;E(X|‘(=I?\\mb(\’=() + B¢ ¥e2) pobli=2)
— S~~~

= %y A4 e fingh ) Yokt~ .
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= Example 3.: outcomes with equal chance: (1,1), (2, O) (2, l) (1,0),
(1,-1), (0,0), with g(X,Y) = X?Y?, OMpwte p(x? T)

Method 1: E(g(X,Y)) = E(X2Y2) = 12 - (—1)2 - —+ 12.12. +22 12.1=1

6
( Method 2: conditioning on valuesof Y = —1,0,1
> 2, L 2 2 1

CRT)= POt 20 gt A < ()
s ondittan on Y Y=o D WY =0
E(Xl 2 Y2°): 01 zo T \f-’-‘-"t =) XLT Z@ T‘/

T’" =) X 1.\ 1 1y (= |

N WG U
=1 — __-;

— O | 176 176 1/6

=T )= BlX WWH g\tr(\rj Do -
Weizhang = () ~ "_I_\-% + _G;‘_’_CLEARLGQ(I@}USTech +(’(le ITCI) P(‘[:]) 25
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Outline

= Probability and Conditional Probability

= Random Variables and Random Vectors

= Jointly Distributed Random Vectors and Conditional Expectation

= Covariance Matrix

2
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» Covariance (Random variable case):

* Cov(X,V) S E((X - EQO)(Y — E(V))
e m A

':mpu :
X
D 2
1] 025 0.1
14
] 0 0.5

4y My

v (% Y) = BE(K-£0)(T-20)

X )= 2025 4 2295 = 11T
E(‘p: ~x035 + AX04S = 0u3

C"’(X’T)”( |7\)(l‘°3)”25 +é l1s‘)(~|—@3)x0|

e e

TQMI) :a(, =

T

26

t o A = e

Somple dotor EXAMPIC . |
Shenden () ;| X X% G-umJ zhov\ (T,)f r-\? %dua 2\’ -2
22 Ssgn> | 21 3.803
2| % - 6 ] | 283>

.3 >3

2\ ( -4 27_ /-2@ 25 .83} \
21 P2 | 2 11607 23 .16
30 S 30 | 5y Ry
~ 2 b 32 | 70667 | 4 ! ~ 5.1kt
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s Covariance (Random variable case):

=If Cov(X,Y) > 0, X and Y are positively correlated

VY o G

= [If you see a realization of X larger than E'(X), it is more likely for Y to be also
larger than E(Y)

=If Cov(X,Y) < 0, X and Y are negatively correlated

= [f you see a realization of X larger than E'(X), it is more likely for Y to be smaller
than E(Y)

o If Cov(X,Y) =0, X and Y are uncorrelated
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T

E( in O fe
» Covariance Matrix: X E@, Y e@ Lﬂq ~ So):.) (\f,J_,[g .
Cov(X,Y) S E ((X —EX))(Y —EW) ) 7 Y =)

(1) Cixm) =
» [tis a n X m matrix: with (Cov(X,Y));; = Cov(X; Y;) = E ((Xi — E(X))) (Yj ~

n

5(¥)) Natyjy
cov(Xy,Yo) ... cov(Xy,Yy)
cov Z,Yl)@ v coV(X,, V)
Z cov().(n, Yy) cov().(n, Y,) cov(X.n, Y..)
[D\/CX;X)
Yo ~E(¥)-u
~ - 4 = E( XEX)) (X-£G i
E(&-E6) (- (KO0 (x-£09)
?
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* Properties of Covariance (\/ T) Vour
1. Cov(X +la,Y +b) = COV@
p) deermin@ttc onstant
2. Cov(X,Y) = Cov(Y,X)T

3. Cov(X;+X,,Y) =Cov(X{,Y) + Cov(X,,Y)

/@ COV(AX,@) = ACov(X,Y)B” gﬁicxm AX
Y E(@XAE(AX))(BX~ E({?\’))T) -

- (:(A (-200) (Y-t h) & )
7

Uow(x
- 6. fc ov(X ) £ Cov(X, X))is positive sem1def1mte (p.s.d.)
/7-&(x) fely)

Assum¢ 1;_()()~a\, ECN=b cr

E(-) CT—b)> ﬁ(%a.\ (4-b) J\(ﬁn)o\xda j@-%&z obx fQH»,) ﬁ’a)da
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XeR', el R

= Example: Suppose you know cov(X,Y) = cov(X) =
ZX cov(Y) = Zy, what is Cov(AX + BY)?

nxXn MX m : /

dehnighe  (onstant Wates

(&*{’év) (c+4b)
Cov (Axts)) 2 (ov(AX+BY, AxtBl) —

@ &Ax) AX) + oov( bx, BD 1 /DV(@% AX)

Gé Aov(XX)AT + AoV T) 6T,
D St 5/‘9V

_— (x'\’)/j7
CAXAtAZNE t e 5T 47 8oy
T ?27 R7 g

31
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2|, and Cov(Z Z) =

?élQ; - m‘(dfw\ Ve(tor é [0‘/(21 “2)
3

aLetP [ ]Q 74
O 1 8
Compute: Cov(P,Q), Cov(Q,2P)

(ov(Pd) = Cm/(gj]’ 23) — [[‘N(Zg, ?3)" :[ ‘

[pv(Z(/Z?S)J D

I Exampl@: Given that E(Z) =

v08)2p) =200 (8.P) = 5 b )T= [ or
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= More discussions

Wei Zhang
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