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Kalman Filer Preview: o ;l — &
Ma k(— T

= Given stochastic linear system described by
Xi+1 = Akxk + Bkuk + wy,
{ Vi = Ckxk + Dkuk + (%%

= Kalman filter: compute the “best” estimate of x; given
k

j=0
= Kalman Filter Solution[ X, = E(xi|yo, )’1@

= Our goal: in-depth understanding of the assumptions,
derivations of Kalman filter

input-output data history {uj; yj}
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3 H 6 +v
Fundamental Theorem of Estimation 1 .~/

= Suppose we want to estimate the Value of a hidden random vector
X € R" based on observations of a a related vector Y eR™

= We have to know the relationship between X and Y. Suppoge¢ =
probabilistic viewpoint of their relations, namely, (X, Y) ~
Srlen) - poy PEDY s

= An estimator ¢(y) is a function that maps each measurement Y = y
to an estimate X

¢(y) > 20§
Estimator
3. chewzher ¥ = d-*3

2b
= Mean-squared error@n estimator: E ||¢(Y) X ||

(XJ 1 _f (%4 )

( X - Z “4’(,:74.) - x “ <P (X, \rzj)
RPN Y R —
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= Example: Given XY joint distribution, compute 2 3
the mean-squared error for the estimator: )| 04 o
o(y) =2y ¢ "2 02 o3

AL A 2 | 0. .

E(140-XI)

~—

= @’Q% 2) 04 4+ ($0)~3)% 0 + @7(1)— 2) et (362)- 500,
— 0 +— 6.

+ 0.4 423 = )2

/

Rj vemlk in pxt sUAQ:  wa know «?lg)zg(xl\'zj) R phmal

deck- 419=E(X[Fy) =>f{$fa=t D E(X|R)= 21094 302 =2.2
{'\‘1:2- iE(Xlrﬂ):zxo% 4+3x0d =2.4

3 dynel= {@ e ] & (I 0 -XI1)

2
= (22-2oy4 (22-3050 | + (26 -2) o

Wei Zhang CLEAR Lab @ SUSTech +{ 2L 3)z o3
























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Proof: X € R",Y € R™, ¢:R™ — R™, need to solve rg(iglE (||¢>(Y) —X||2)

Note: E (||¢(Y) — X||2) =[E (||<,1)(Y) — X||2| Y = y) fr(¥)dy, thus we just need to find the
estimator ¢(-) to minimize E (| |p(Y) — X| |2| Y = y) for each y

E ([l = XI[*IY = y) = E(¢ () = X)T (¢() = XY =)
=E(@M)Tp) —dpMTX = X"dp¥) + XTX|Y = y)

=E(@MToMIY =y) —E(@MTX|Y =y) —EXToM)|Y =y) + EXTX|Y = y)
=p(NTP(Y) —20WTEX|Y =y) + EXTX|Y =)

=(p(y) —EXIY =) (p(y) — EX|Y = ¥)) — E(X|Y = TEX|Y = y) + EXTX|Y = y)

> Optimal ¢ is thus given by: ¢(y) = E(X|Y = y)
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= Remarks:
= 1. The MMSE is just the conditional mean !!
— —

= 2. To compute the MMSE, the general way is to compute the
conditional mean directly by de-j—( ity

l/f‘”wdn) ox

S VY bwd o mpude 0 igh-obim
! A=
= 3. Important special case:
AE R’
If (X,Y) are jointly Gaussian random vectors, then there is a
simple analytical form for the conditional mean
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» Gaussian Random Vectors

* Important due to central limit theorem | iz
TN e d|
» 1D Gaussian: X ~ N(u, o), u ogER,
1 _(x_ll)z éu
pdf fx(X) = e 202 ol
2102 § T

s - oLl

= n-D Gaussian: X ~ N@,@)‘, U € R Y eRVT

df: - 1 VN VAR ]

7, 2V

L5 VL] B NS FE—

77 00“‘
LA PSA AR NS
CELALA A I SRR

0T 0

e
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/
S 4
= Gaussian random vectors have nice properties MQ
| =

= [t can be presented by two parameters:

mean vector and covariance matrix

= Fact 1: Uncorrelated jointly Gaussian vectors are independent

Vi) 20 =D XL, Koy =feofily
= Fact 2: Linear transformation of Gaussian random vectors are
—_—

Gaussian
XEN(Mes) S G2xt3 | D & 1 Gonssiy
g )( F%ct 3: Conditional Gaussian is Gaussian

L
~

= [f general, checking whether a random variable is Gaussian or not
requires computing its probability density function to see whether it is of
the form of Gaussian. This can be quite involved.

Wei Zhang CLEAR Lab @ SUSTech 10











































































































































































































































































































































































































































































= Fact 1: Independence between two Gaussians:
= [fX €R" Y ER™ are’ jointly Gaussia\ngl then X 1 Y if and only if
- - EXYD=EX)-EWT
Cov(X,Y) =0
—— ~—

nHwm

| ~ ¢k
3_0\4'\43 émsmm — (’B%T) AS & [4/14*‘( Vetor [?J iy Gauss.\am

TS Aanssian & [?;] NN (/(71\/ i)

= However, if X, Y are both Gaussians, but are not jointly Gaussian,
then the above tests do not hold in general

= See supplemental note on joint Gaussian random vectors

>\F0|C9/lﬂ ‘.%- %, T owe beth Gauss an Z H
= [ﬂ v Qaussiay

Wei Zhang CLEAR Lab @ SUSTech
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= Fact 2: Affine transformation of Gaussian is still Gaussian

LetX ~ N(u, X), u € R™, Ie R™™ A € R™™ b € R™, then
= determiniere

~.

(2= AX+b ~ N(An+ b,AzA")

A My ot ot
— ; > 4
Mg =E(BN) = Autl PN = ok, ok
» This can be used to test whether a random variable is Gaussian or not
X4 1 0 -1 251
Example: X ~ N(u,2), X = |[X2],2 = [0 2 1‘,,11: Hz‘,
X 1 1 3 U3
= Is wn? ! @ bg de:(-in?—ﬁrn ‘&b(’)&) f-( ‘f'(w)a(x, ol x,

x| X3

@ Xz: [0 Y [;Z'] ~+ 0 (;> afﬁ"( ‘tmnsfhm%‘m ﬂj—
% = Goussim
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" Is Z = a,X, + azX3 a Gaussian?
T e T e e

] a Gaussian?

T \(: (::, oa o,])( > Guusston

= [s X2 1 Xl? How about X]_ and X_§.

X X)=0 = U, LX

Co(¥: %) =~ = -t “dﬁ’ |

Wei Zhang CLEAR Lab @ SUSTech
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= Fact 3: Conditional Gaussian is Gaussian: Let X € R™,Y € R™

be jointly Gaussian with mean uy, iy, covarlance Yy, 2y, XXy, 2y X,
A ~———""\

1. e, shmzﬁfq

[ _,J_EXY \( 22 Gﬁc«»«@ua@zha?/\}u (
Z Y8

e 53
then the conditional dlstrlbutlon of X givenY = y is Gau:?smn

XlY — y ~ N(I"XlY:yr zlezy), ﬁ/pw W”fj \'7 mia sy hat

where

'(x")/) \50}““'_‘3 Q&“«fﬁﬂ N:ﬁz (’X!j) % &/./(0 Yy X ts st )’000/"’7
1 ts lss:-@ 'S X/}'(W/y) W (an FM
‘ﬁd rxly) is 4 éauman\3

0%)

—_—

190
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(~v( 21,(:22:])

A (ﬁ
= Example: suppose Z = l)ﬂ, where X € RbY € R,and Z ~ N {|[2
3

r_—”.——n

Cwpate the MMSE given =[] — (-
f Zx\ [ EJ =) E(XIT—[}']) MY, ¥)
4

i\:: (\(;\') :‘}o\w\{j 66“55;“" = Xht[i Ty Goaussian
\—\_J

2"

Mg = x % Zp S (9w = | 4 4 V(5 (- 12)

- L_@a

E(j’e (m 76/40( #( exact o nel M ona ( 0’(/!

h;_ _ T )/)(_ /) t } ( / - 5%& —ﬁ 10
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eI’ (2., 2,)

7, 11171 -1 2
" Another example: Z = |Z,|, Z ~ N( 5 ‘»[—1 @ D
Zs 4112 05 9

W

s pe [zj 072 e E(p(g=3)
@ P,& \‘r)o‘.n:\‘l‘a Gonssion ( [5]:[;} (:J(J[\] >
EE\'E?)"E(P7+M%~'(5-E@)
N)
L) Blr == [h

(0 &)= [wcz,,a) _ [_] ) ;
CovlZy, 22D as

s
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A

(\)-—\

= MMSE example: X ~ N ([ﬂ ) ﬁ % ), letZ = H 2]2{_+ l_/_,
whereV ~ N ([8] ) [é (i)D, I is i;g;;endent of_)f. Fin\d the MMSE ofg
given Y = [ ] v

o
O we bw  MMSE o X gim B[1) s E(xly: [11)

Ve ) y

SN o ok Gousiian 7 XN )
3 T 7t e ‘ j:) [X:} 'S Qo ssiam
XLy

5 1= <))o st e
@ QMMS‘C = E(XlT‘;[:J ) = /E\(’)_O 1+ Cov( X, Y) (w(‘r)ﬂ ([f]%‘:cf))

Wei Zhang CLEAR La b @ SUSTech




































































































































































































































































































































































































































































































































































































































































































































































































































= solution (continue)

21 00 :m 32 ov(xY)= ov(Xs AXHY)

= (X, AX)+ ov( X, V)

= VKX Al + 0

= Mjflcﬂ [4 g]

= (W AX, AX).* (w( AX, V) + (av( v, AX) + AV, V)

‘—N\

= VAV, AXH)

=hox ALt A0 4+ 0 4+[L7)=

A A} 0\8 ¢
—) Xwns_& = { ﬁ Y
T34

Wei Zhang CLEAR Lab @ SUSTech

RE E()
= AE0OO+ E(v)

= [ZY;:]
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Outline
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Kalman Filter

= Consider a stochastic linear system described by
xk+1 - Ak&k +@ +£@ - &f n-olin GNAS}I‘GU\
Yk = CiXie + Diuge + Vi €RP yoddim  Gamssian

= x, € R™--- system state at time k S)
f y fAk, b, G Dg@ e

T e cleterminishe
-@% lyd yT ... y£] --- collection of measurements up to time k

= u;, € RP7- system input at time k (deterministic input)
* W, € R™--- process noise ~ N(0, Q)

" VY, € Rm?--- measurement vector at time k

= p, € RP--- measurement noise ~ N(0O, R
Uk leasure: A k

= Assumehxgl ~ N(u),Pg), xo L wy,xo L v, wy, L vy, Vk
[ \ 0 =~ r\ ° (XS Nj\/ o
s SO Gauﬁnom X X M t B{_-\u “+\ W, Y ) Eg’] GMMSJ)\an

= Implications of the above assumption: &L = N Sanssi,
= Xxi is Gaussian and yy, is Gaussian for all k = 0 (VFY)

A
%‘HIEMQ 0y s 30340((3 Gaouss an JL%_%D%KXK

2
Wei Zhang CLEAR Lab @ SUSTech 0











































































































































































































































































































































































































































































































































































































































































































































































































































































= State estimation problem: Find the MMSE of(x,, given@ albs

/_W .
91/%
Us, - - Ui~

= Solution using Fundamental Theorem{|£ (x| Y% )

T —

* Kalman filter is just a recursive way to compute the
conditional mean as new measurement comes in

62I<|l--1-z.é.‘E(

% ‘fk+z>

. . a4
= Define: Xk|k fE(kuYk) Xk|k-1 = = E(xg|Yk-1)

Mov (%, %c| @Pmk =E ((xk — i ) (e — i) |Yk
Ar) Pklk 1= E (xk @)(xk @) |

= Simplified notation: M ks @: fﬂf HS[ b\ A )\/(@ ) @)
/\’\’—21
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= Before deriving Kalman filter, let’s work on an example

-

X = Apxy + wy I
Example: Vi = CpXp

Wherexo~N(0,,_Z\If),wk~N(O,ZW),A=ZW=[(1) (1’],2 [ ]C— 1 2]

Compute Xy = E(xoly, = 1) and X; = E(xq|y, = 1, ——1)
\ P 0 0l1Yo 1 11Yo Y1 /

/A 7\
7N l\

$=0D) 5 11 we ned 0 fud C;’] ik distrihetion
Wt knw  [% (E(l) Gvk), g ()= [? _ - 0 =
] v '&’)l [w(wa), O %) ) = [J )= U2 ["J

Cv(%) = 2/'] és
’Q‘ = E(‘Xal db=l)= .E(%) + 0,\,(,(“/5’) twtg,)" [\‘ ) } ( || J X

= E(IX9

&)

(%)) = Ou(ys, ) 07 = [2 |
= f""lj ( ) \_] [2_]
°-3 Ov na,ﬁ(.):: cq— 6]
(v(3)= ¢ 3 cT = (‘*J
[70 —aw(fxa,%| W= ) 0V (a0, X)) — €9 3,)(.43,) ol —_—
J\F‘ o 02 5")6)

Wei Zhang -2 9. I CLEAR Lab @ SUSTech 22



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Example continue.. \r

@ %= Bx|g=], =1, 47 ) = 2Ca1HEN)
- Con(eyhmlb Sim }:lz atﬂmwh :(Bq{-o/; a.”m aA)_.

IA N0 y bt e [ v (5, /’V
P e g () [0
\'E( [3']) CQCT,,X.) e,

2 l/vu\J

= 6] =[1])) = B(xtovenn)
L:/(&') (ot )
No{: m(’mvs\‘\/e) pet S(a(abl{ . Cs k ;"C"Zmesl-{;h VAl thm, (49,%) wouy,)
s
B p[CMTQfVE al’]m’“"’h (ICF) /L\]C'H/" ob'@u\’h\ﬁa }1 ;| (3"9"( St at Pue o)
b"éh ()0,9 owry YMAM aw( %Mg \7[)/4,{:[7 644‘:”4
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Example continue... }‘e‘ ¥ FE(IX"Y)’" ) (;av(l)(,, Y L"‘"‘| ICV@G; )
F [ 4 Y= v N ) : ) | 7 ’z)
e~ ﬁ( ) :’ ) ) B - b
é//zg \t ” I:')v )J E"‘(%;‘XJ‘J‘#) l(w(g,,j,ln‘)

\_\_
Tf we brv ewmtiing G0 the abve

M T daim :

E(% ’3 =1, §,= 4):&(%!) + tov(%..y, l %=1) ev(yy I:Jr-l)ﬁ!

sl

(IW(Z) (2, ®)
»0.2), n®)

e b [g] Joivtiy Gousian A~y )\/([E(Z)],

=)

/4
Wei Zhon% E((X} /UJc_/} NER )

24
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> E(@Q/%d) /%@7{1:/)) = L:(,X//J-=/z 7/‘—‘/)
Derivation of Kalman Filter

» Goal of Kalman Filter: obtain recursive for

{fk} S {fkﬂ}
P P11

_

= We can compute X, P
P ~ S N D lk ™ @]@
smetings 6P ae guon oliveck

Zf not, we Just pad (W]M{ ;(9;.]:’.)/ ))o--_.(w(%sl‘&)

= Given Xy, P, how to compute X, 1, Px+1: divide this recursion into
two stages: prediction and measurement update

A T e
> — >

Pe | Pl ) Pt

%\/—/ﬁ\f’—/ —

k“‘ Hll:ﬂ

Wei Zhang CLEAR Lab @ SUSTech 25



































































































































































































































































































































































































































































































































































































































































































































































































































































































= Step 1: prediction (try to compute Xy 11|k, Pi+1)k using Xy, Py

:”‘\EJL‘“‘ E (e |T.<)=E(Mk+‘3“k‘f w“b})‘:AE('Yk"ﬁc) + Qe + Ll [ve)
TTTT~~— e - T

Rd'llk :(y(&, ‘)(H-l ,Tl‘) = é&t + Bw |- "@ E(Wc-‘\fk) 3%)
/ \ J
= E((‘Xk-(-( - M)(Mﬁ ’/Xkﬁlr> Tg:)

= f b ~ o \‘?@L I]w) 0
= E Am—&)(ar&ﬂ/\ﬂm + E(w(-w,f [\7¢)+ E—M)
S >
ARAT+ Qe -y = ek N G(Wk(}z’%cf/ﬂ"lm

:) — T _
= Summary of the prediction step: S )= Bk 0

X1k = ArXi + Brg, & q
Pri1jkx = AxPrAk + Qy )

7 26
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- kﬁa "FH‘ 45 ¥ Measuryemlnt- ujwfu'w sfcl? :

3
CfAsume X T 2 o ity Gausian MW( m ( D
Z g )

: E(X[ 1=y, Z=2)
‘Batch ?
*O Dwi oc”moh- viw [i] as o lﬂb Ve trr 56(/[3:]:\(;’»

Ms:‘y caoli € val GowmsSian

. @ Pecnriive - @ E(X /'f:g) v hWoon ,énow;',b }—;g
@ 0/’0("77(( é(l/sz’ 2;2) U Pon @mm‘/«j ?: 2
"9 Eody)

<®D>> He Same Toslt
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» Step 2: measurement update

= We want X1 = E(X411Yir1) = EQGes1 1Y Yiew1)

NN~ A . .
= Up to now, we have|Xj,|x hnd k+1|k) 1-€. the mean and covariance
of conditional random variable x;371Y%

= How to find the mean and covariance of Xy 4+1 |{Ysx, Yk+1}
= Define Z = xp 1|V, W = yi1lYi = X1 = E(Z|W)

Affmwé 27 batoh. Tind Jaint <
( T/e) ’\//U (] ,( "J

(bea
fﬁéh Wl Can U 0"10(1‘1‘)%,,( maan 74vm/o ‘o 5”7’6"(

E(XH// 7'—" ;&-ﬂ)
@’/’W“Vh 2 PLCM“"M : us‘*? ‘&‘Q PV@VMW} VoS b /QIC“'”/Q /71&,/'<

o e ()
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» Derivation (continue)

F‘Ao( (‘ynO{I‘ﬁm 30;1,‘6

9737
(é‘w/)/@ /\/J\/( C oviy,,,
B¢ L D Yeal) . sy, p
G v -

> e e (2wl ey

E[Z/hﬁ é/«q) = E[Z) + ¥(2w) oviw) “’(9,&,- gw))

[pv('xm, 0@,,/};) ) (M (%es. :k;,/ﬁ
/

— E/%L//)}’Q + %ﬁ)%j e
0 . © E(
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-0 £ 1) = ’/)}kﬂ//c & give by pradichion

@) Elen %) = E(CYaq+0ue + v [y )

= CE(‘X&//“) + Dﬂ/&«/ + 0

=< /}elz‘l/k ~+ DUy
@ [‘"’(/YU’/ ,leel-_z l)’k) = oov( Yy COK&/@{' Vies( /{'».
N

= (Vv (N, Q(ei//ll?c) c o+ 0

= Complete derivation will be posted online

Wei Zhang CLEAR Lab @ SUSTech
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Outline

= Minimum Mean Squared Estimation (MMSE)

= Gaussian Random Vectors

Kalman Filter Derivations

Summary and Implementation

Wei Zhang CLEAR Lab @ SUSTech 30



Kalman Filter Notations

Kystem model Noise model
wy ~ N(O@

X1 = Akxk + Bkuk + W,
Y, =C.X + DU, +V, vi) ~ N(O, Ry)

Filtered estimate Filter error

R = R = EQlY) B =% —’)?k, with E (e, ) =0

Predicted estimate Prediction error

\,)}klkl =E (Xk |Yk—1) € = X — §(\k|k—1' with E (ek|k—1) =0

Measurement history \

Y ={Yo: Vireees Yic}

Filter error covariance

R =E(eef)=E(eel|Y,)

Prediction error covariance

Pk|k—1 =E (ek|k—1e;-|k—1) =E (ek|k—lel|k—1 My

Some facts:
* Unbiasedness: E(ek):O E(eklk_l)zo

* Error covariance equals the conditional error covariance

E (ekel ) =E (ekeg | Y ) E (eklk—lellk—l) =E (eklkfleg"*l |Y"*l)

2 2
* Mean squared error: E(HekH ):trace(Pk), E(Heklk_lH ):

trace( PRy,

































Kalman Filter Diagram

Measurement

\ N\ .
{le} prediction {XW} update {?k} prediction {?‘Mk}
, > R S S
Pkfl Pk|k—1 Pk g Pk+1|k ﬁg(,xol‘_l ) ~ F('Ya)
[pv(ﬂ(le”/n"*' h“) {g(\m-l, PO|W) (~ (X
. ola) = (wy,
(\ _\—l condition A
E( o I W)
m Measyrement Update \
. . 1. Computg Kalman gain
( Prediction \
1. Predict state ahead
2. Updat timat i
lek_l — AHQH +B, U, . E’\ ate estimate - > Innovation
X = Xk +@ Y =i Xika —
2. Prediction error covariance
P AP AI 0 3. Update error covariance D surprive
a4 = ARG AG TYC Lerpr:
\ o e y Pk:(I_Kka)Pklk—lf‘ /)
k=k+1
Initial
condition T 4 i | 555@(/ (
§ eﬂfﬂsem (A/Q) B whle
\H'\W\ e (o OLVb\[ "b”&‘/rg FTOZ( (&o , Po)
Either of the two initial conditions is enough to start the iteration tTrme
W vece stom (/:) the 3

























































































































































































































































































































































































































































































































































































































































































































































—) % )

~ in Simalatin 9. XK= Youdn (2, () @
Vrv/\/(m], R)
(
V= Q_
~ memy szaarz root— /74)'\ /705'1"V€ sonig,
Coding Example i, / 74 7,

2’ g =R

(w(V,v):= ﬁ (av(x)@, )/ T =4
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