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Recall:

= Suppose we want to estimate the value of a hidden random
vector X € R" based on observations of a related vector Y € R™.

= We have to know the relationship between X and Y. Suppose we
take probabilistic viewpoint of their relations, namely, (X, Y) ~

fXY(xJ y)

= An estimator ¢(y) is a function that maps each measurement Y =
y to an estimate X

d(y)

L—[ Es’rimo’ror]—x>

= MMSE Theorem: The Minimum Mean-Squared Estimator for X
given Y = y, that minimizes E (| |p(Y) — X| |2) is given by
Xumse = dumse V) = EX|Y = y)
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Recall:

= Kalman filter is a recursive way to compute E (x|Y,) for linear
Guassian system

= For nonlinear systems, we can use Extended Kalman Filter

(EKF) CLE

= System setup: Xi+1 = f(x, ug) +@ )
{ Vi = hQxg, ug) + vy Emenble &

X, € R™--- system state at time k Untente EF

= vy, € R™ --- measurement vector at time k
l Pzrh‘cle Fi (e

T . :
Y, £ [yg yi .oy ] --- collection of measurements up to time k

uy € RP--- system input at time k (deterministic input)
Wy € R™ ~ N(O, Qk)/ V) € RP ~ N(O,Rk)

= Assume xo ~ N(po, ®g), xo L wy, xo L vy, wy L v;,Vk,j, and

wi L wj, v L v, Vk +j
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Preview of Extended Kalman Filter .

= By fundapremtal theorem of esti
given by (E(xk V)& we need |

Cau SGuary]
we know that the MMS &rrov|

= With nonlinear dynamics, x; is a random variable that may not be

Gaussian. ,
Ty
» Extended Kalman Filter tries to :—
= Approximate x; as a Gaussian T /“\
- |
Whet chamo(-er\us Gaussian : W@ AU @ =) —

N m >< 'S n-t Gmusm\h

=l

n

o Q aww'xiw&c X oas Gaustion ’V‘)VQ(/&\' 3‘)

= Approximate the nonlinear dynamics as linear dynamics [ Mtchiyy two womests
SEROE Hes as nes [ B
n = E(X)
T = ovix
| )
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= Notations: &) = E(xx|Yx), Xyjk—1 = EQexlYi—1)
N\ A\ T
Pek = E ((xk — Ry ) (O — R ‘Yk)

@1 =E ((xk — Rpepre—1) (%% — fk|k—1)T‘Yk—1)

Simplified notation: X £ Xyx, Pr = Py

= Goal: recursively compute:

Py Pri1)k
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Extended Kalman Filter Derivation:

= Step 1: Prediction (via linearization):
= Given & = E(x¢|Y), P = E((xx — £) (e — 27 V),

. . R T
= Need: Xy 11k = E(xk41|Ye), Prsre = E ((xk+1 — Rir1e) (K1 — R |Yk)

Recall the linear Gaussian case: xy,; = Axy + Buy + wy,

the prediction step: Xj1q1)x = AxXy + Bruy, @ = A P AL + Qy

EKEF: Linearize f(x,u) around the current state estimate@nd input @

n NXV]

Yen =Tk, w) twey |, L RxK = B 2 £, CIR
"

P wie) ‘g‘(’\‘k;“u) +<—a§x‘i ) - ) (NMe~%)+ YoT.
—e p s Uk
\/\,.\/\/

D | X %(FQWH e, Uun) - £ )t wie

- 2 W

\ — ~ ‘ A ry 4%
Vel = (et [7) = E R+t wi| W) = Bl ¢ T 4o
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Withawt  Uinean zat's \
Y| \\\ ol 'f((/Xk’ ‘(K) - - - @

1= lTk’) %5-

— ‘EC‘f\(‘Xk, Wi) ““WK,\T ) E‘(‘j:(’xk, k) k ) :% f(t@(h‘\f) Ue)

—~U

> E(x)X (Bk) G

—
Summary of EKF Predlc’rlon Step:
Linearization: F, & —

O( @ f(Zr, ug), Plgﬂk = mk
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Extended Kalman Filter Derivation:

= Step 2: Measurement update through linearization:

Recall the linear case: -1
Ki+1 = Pres1kCT(CPeya i CT + Ricy1)

x;+1_=cz;16xk++Dliuk++vwk _ Rkr1 = R + Kk+1(3’k+1 — CXq11k 7@
K K & . Pry1 = (I - Kk+1C)Pk+1|k

N
we hove Ny Plege

gb“ = L\(’KH'; Muc) Ve = ‘\(’/\C\ku\k ) Mk-et)+

& Hen e 4

hiSure oy H>
o Tt ) = B Ty _
Leh (= Hey \ FOT Wl A0

ey 7
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D['LOM b0 Yhe liner case (wh DUty = ey )

= Yoy = &m|k+ K (‘3\“*) = b (R, u:)> \

l"——_\’-\/

_— \)
kk-ﬂ = Rd‘llk'Hh-‘H ([‘\t-(-l Pkﬂlkl'}:ﬂ + Rk-ﬂ>’|

Pldl = (I“ K HHD R&llk

l -y




* Application Example I for EKF

b2 = (02, 92)
bV = (r1, q1) ®
@

@
b(g) — (p31 q3)

@

b™ = (P4, qa) o
beacons with known positions () = (b(‘) b(‘))

py: robot location at time k
" yyi: range measurement from beacon i at time k.
= Typical measurement model: y ;= ||b(i) — pk|| + @

» Goal: find the best estimate of @given measurement {y,, V1, ..., Vi }
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= Derivation of the system model under constant speed assumption

Here, we want to use dynamics information in addition to the beacon measurement. we
assume constant speed motion model:

' L
Moclll ﬂ%umyﬁm ' (Pt = (mstant __6___ S G\Rz

e

~ ('}7; =0 & medel

Let's 0\52"’“( ' ’)(t:[j’%e_‘k"f =) ,"xt=[ ’.Vt]: l;o /‘I:‘ P
A Jx ol o JU g

“-% "{‘Yahﬁ'fprm o DT modl| (4'&) Rc
Ket| = Ki + (\a I'er*.a*r

:[I Tat .
&

A N ok, derbity matrin
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= EKF derivation and implementation

Ye= l\—‘ai|x= rhl(’Xt)T [V,

Foe TEE.

k=
k3
dk, ¢

kz_('iu + Vi, 2

\ h3 (%) Vi, 3

hslo) 2 o = 68) e, —ye

We (an use -Hu ':Fuaw:‘g modle(

//(/Xkﬂ Mé o3¢ Yrms Cury MW to

blloune e olevotion ~a, i
dr= @* Ve -
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Application Example Il : Joint State and Parameter Estimation

= Consider a 2"9-order continuous time system

U,
@ wpY(t) + wiy(t) = o u(t) ( HG)»= o
S ¥23uf'St -
= System state: X = y, y]", system parameter 8 1’

= System input-output u, y

= Question: How to use (u, y) data to jointly estimate x and 67

\et's ()\c=‘§'(7<,u, o) + W (£)
/[\\_/—*\

—

Wmmw
‘3 — (It('X; u,9) + Vi+)

Goal:  wse Q{um, ;)&)j o estinete rg, one 1546&))

H*er’l: Vew faw»\cﬂr b os a s&te /
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1= o ) ooty e o

oo+
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