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* Closed-loop eigenvalues roughly indicate system response, but
do not represent all factors: D agymptotre behoyion
= Same Wuemifferent transient respogses |
= We often want control input to be small, which cannot be formally

addressed with eigenvalue assignment approach
(c?,<j Lingowr o»(gg bra /h
26890 ( rete bty LS. \2F
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= Metric-based cortroller design
= Represent design objectives in terms a cost functio

THICE [
)"‘9‘3 29|

= Cost functions typically penalize

= state deviation from 0 ‘Talmm Felte -
" Large control effort Mmia & ( [l 9(-%(9)//?

= These are conflicting goals: larger control can often drive state to
zero faster
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General Discrete-Time Optimal Control Problem

* Dynamics: xg4q = f(xg, ug) &

= State constraints: x;, € X e, Mmgter el

A~ ’Nl\} + wri £ go
= Control constraints: uy € U(xy) Y @ func o et Y
Controller (Control law): p: X %) +a7ae <30 MUm
T L
Contro] Horizon: [0, N]
Control policy vs. control inputs:

= Control policy: a sequence of control 1aws
= i

= L) ,c>
. Cp/n@l_lmauts a sequence of Control e;%
W= (W W Uy == @\
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General Discrete-Time Optimal Control Problem

= Closed-loop Dynamlcs under policy ™ = {ug, Uy, ... }

(g mefoumem B o on= s
— MMJ@R{M,A( (}

* Quantity performance of controller through cost function

* Running (st ost ()« pensline undbind Boesp, o sy
desad stk is &, smayf eneryy

[('X/H} ://’Y—j?//"
» Terminal cost: g(xN) £ llunt
eg. JOw) = ([0ay-1% i

= N-horizon cost: Jy(xo,u) = g(xn) + Xnca Lxk, uy)

—\ T

* Infinite horizon cost: [, (xg, u) = Y=o [(xk, Ug)

Wei Zhang CLEAR Lab @ SUSTech



* Finite Horizon Optimal Control (N < o)

= For given initial state z € R", find the control input ug, u4,, ..., uy—_1 to
* Minimize: Jy(z,u) = 2)U%ue) +j(%

—

= subject to: [ u, € U(xy), control constraint
Lo, ZTon
Xps1 = (X, U N Xo = Z system dynamics constraints
A
AR ( \l
= Here: U(xy) is the set of state-dependentcontrol action
e.g. U(x) ={u < 2x} tan be
Stete Comstroin - :\3 St dcjmoleﬂf- (ot
N~ 450 o
”e S Cmectreiyt
(st 2 %:()(k_( +1QK-( \>
mi x * — 0 U Yeng
= Optimizers {uy, ..., uy_1} depends on the initial state z S
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Example I: Cessna Citation Aircraft

Linearized continuous-time model: (at altitude of‘\\OO/ and a speed of 128.2 m/sec)

[ —1.98992 0 0.98 0 —0:3<7]
. 0 0 1 0| B |,
; =| _54203 o —1.836 o |*T| —17 |¥
—128.2 128.2 0 0
oevtitr - ——0o - U~
g L 1y @ \
M Y= 0 0 G 1 & /* 3
OUS‘T“L ) N
C Cou( - <a Mﬂke ’X -0
® |nput: elevator angle
® States: x1: angle of attack, x2: pitch angle, Angle of attack
x3. pitch rate, W ~§ovs

® Qutputs: pitch angle and altitude

horizon  pitch angle

® Constraints: elevator angle +0.262ra
(£15%), elevator rate £0.349 rad/s (£20°/s),

itch angle £0.650 rad (£37°
IEE SHple = 600V ER =30
® Open-loop response is unstable (open-loop poles: 0, 0, —1.5594 + 2.29:)
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o‘:qca:/g._ +0 olvlvz X o W\‘-(-.h Small "C'Mtrol e/
Example I: Cessna Citation Aircraft (A-8. C)

= Obtain DT-Model dt = 0.25s {%ﬂ Af + '24 Uk
» Choose cost func: - Fe= G N
W”"'f'\v) tosk. -

Lok, we) £ e nuel™ 400) = ol (*
» Choose constraint set: | e = oo |l el ’L

S‘("\*e wt C .
th\ons(m (el €202 # hk,zlgaag-

lll\ <\°'3%1 > luk‘ Wz,-(\ < 9-3‘(—1 at

= Overall optimal cont

depods(2) <= win (& U,
Wo, Y, l_AI

Seiject 4 /XHFP“%-‘BAMK Yo=(2) .
,\\_/,2
(Mel<o2a,  Drelcots | [u-u | <
U‘CQ u(q{ ) ’ [ = ‘HI \0-%;:,&5_
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Example II: Shortest Path Problem go.\(: ek -ﬁm e e “r
wr-bi WiN M m alrshnce

= X ={aq,..,ag}; H@): possible next site to visit ¢y Wﬁﬂﬂ(ﬂn.,ag,a‘}

h]

—_—r

* Zx1 = S {4

L

T next st w vt

= Running cost: [(z,u) = edge “leqgth

4
3 as

‘(a L(.&u \4:&1’) = é LCQI’ C«s)a

= Terminal cost: g(z) = f @ if 24 Og
0 ‘&j~ 7=0y

= Optimal control problem: Shortest ,oréh 0= a4y Problen

l” Y | ™min gﬂl('}fk,u.,_) + 3(%)
Pﬂmmoﬂf { Yt =
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Example I1I: MotiomPlanning for Autonomous Vehicle
D Tady cmal
= Consider unicycle kinematic model: state x = (px, Py, 6,v), control!u = (w, ) '
q .
N\

* Dynamics: x =

» Control Goal: Track a give reference (p,‘(l, v, 64 )
' — —~— ‘
= :YUX, W) =/ Nighy = T ‘S‘(%,W)E O Hioge ewg Sivin l"j ]?(mnm‘@ 0»130

[((706/ Uee) _ fx"' Ue)

/’7 O(K

H@ ?é([th N HMK'LU’L+ 2 ch,,/lt/_\\
. 5t 2 s

S\MIQ:) %ﬁ X NQ_HQ (YK—Q /{(YLg l/\‘lc)’ct
\/\K@ M — erm% \rw(fm; (}n/\f)v
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Dynamic Programming (DP):

= Most important tool for solving deterministic and stochastic optimal
control problems L o

e

= Divide & conquer: The N-horizon optimal solution depends on the
N — 1 horizon optimal solution, which in turns depend on the N — 2
horizon optimal solution ...

= We solve 0-horizon first, then 1-horizon, ..., eventual solve the N-
horizon optimal control problem.

* The divide & conquer approach is grounded by a fundamental
principle: Bellman's principle of optimality -

Any segment along an optimal trajectory is also optimal among all the
trajectories joining the two end points of the segment

\/ar?o\"ﬁm'\ﬁ/(

R . Cpno{\"("\w‘ E
D

Wei Zhang CLEAR Lab @ SUSTech

12



Dynamic Programming (DP) 5%l sGluy _hwisy, oc

—

= For arbitrary integer j = 0, the j-horizon optimal control problem:

inuo,...,uj_l{g(xj) + Z{c_:t [(xk, uk)}f

Xee1= f (o, ur),  Xo :@
Uy € U(xk), k = O,...,j— 1

(5= 52
Vi"'(z): j-horizon value function, i.e. minimum cost if sys starts

N

from state z when there are j steps left to reach final time

» Let ugy, uy, .. u;f , 1s the optimal solution to the above prob.

If system is at state z when there are j steps left, the first step of

the optimal control is uy, the secon S Up, -
k‘

N Yo=23 Tﬁ QC/jc(fxa,ua) K}’(‘ > M -~ "7;\/

% 1
U ) W A ) g
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Dynamic Programming: Value Iteration -

= Value Iteration: Compute Vy(z) iteratively from V,(2) % —

= 0-horizon problem (degenerate case):

o = \/o(;_l)::j(?)

"\"\NSQ:

= 1-horizon problem : V(3)= win { ]
] {“aé_u(?—) L(’Y ;Ma) “" OC‘V))J

s k
= 2-horizon problem: tzz W)+ |/ H'(? “@

2= 425 oy, —-\4'—3')(2, X/ /M»e
yv)

(2): anjmm R
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LGy= wia f LA w4 Ll
> Uoé (| (2) ) L0 )43(17:)41

Wellln)  subj 6. o(n Namicg

BENEE e

—

= Min ‘{ Lo-rus) £ [nig -LL('X'/“‘H 5‘](“,%)))}

U &
Ry “ellon ™ 1 y
| L
= nip (2, Uo
uoew;\ftz Uo) 4 U\(]Q\/(\Z;iﬂ) 3
———— "f)(,

/(,::(2) = W@mfﬂ (L(’g,u)f l/, (JC(LM))j
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= Now suppose we are given(V;(z)} need to derive V., (z)

Optimal traj. over [1,j + 1] if x; = z()

State value x; “/_\ iy
/ VJ*‘@”go u® 1o
i 5 e
= u - & - -9
/(’344@‘ st (5) S lge=mm T e Optimal traj. over [1,j + 1]
2(25{ """""""" i xy = 2D
- 7 » time k
hJV\zw. ) V‘(Z)
= What is the optimal control for j + 1 hor1zon? wia (e
* Suppose available controls at time 0 are U(z) = {u®,u(?} = |
“ 0 Z M9 ryl, '

2
= Need to compare: l(z,u(l)) +V; (fM)) and I(z,u®) + V; (f(z,u(z)))
= The optimal control: ,u]+1(z) = argmmuEU(Z){l(z u) + Vi(f(z, u)}

’f. “(_lgpe;nfjlénum cost: Vj11(z) = urEnL}?){l (@ +V dZ(z u?} &
94 (W S
» (U;. 1(Z): has the followmg two meanings

= the first optimal control action for a j + 1 horizon problem with initial state z

= the optimal control action when the system is at state z and there are j+1 steps to go
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Value Iteration Algorithm

= System dynamics: xp41 = f(xg, ug) with uy, € U(xy)

= Determine u by solving optimization problem:
Minimize: Jy(z,u) = g(xy) + XiZo 10, ug)
subject to:  control constraint u;, € U(xy),
system dynamics xp4q = f(xg, Ug), Xg = Z

= Solve problem throu%h value iteration: (namely, iteratively compute the value

function for 0-horizon, 1-horizon, ..., N-horizon problems)

/ Step 0: (0-horizon): Vy(z) = g(2)
= Step j: given V;(z) and the optimal control laws p;(2), uj_1, (2)
remaining j steps, compute:

" V(@) = urenui?z){l(z, w) + Vi (f(z,w)}

f 4 (2) = argmingeyp{l(zu) + Vi (f (2. w)
" j—j+1,untilj=N

..., Up(z) for the
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= Value iteration algorithm output:
= Value functions: Vy(2), ..., Vy(2)
= Optimal control laws: ;(z) = argminueu(z){l(z, u) +Vi_1f (2, u)},j =1,..,N
= The optimal control action if sys is at z and there are j steps to go

= How to use these control laws?

= Optimal system trajectory

= Time O: Xog = X =2 control action: ua — ]#;](59

» Time 1: x{ = f(X,up) = control action: uj = puy_,(x7)

» Time 2: x; = f(x7,uj) = control action: u; = uy_,(x3)
» Time N — 1: xy_; = f(xy_3, Uny_y) = control action: uy_; = py (xy_1)
» Time N: xy = f(xy_1, UnN_1)

= In general: at time k: optimal control u; = py_;(x})

Wei Zhang CLEAR Lab @ SUSTech 7



= Example: Find shortest path from a; to a, as
Rl Lo
po 244y

* Vi(2) = b 1[(3,«4) + \@(f(z,m}

a,
V(o) = w p
pUR ) = A
fL\L/&&HV‘,(&») ) lC&oﬁ«)w,MM
R Pt o ‘:>_+\;V\
- 9
/Uj(%) = D¢

Vi(os)= 2, V(e= G , V,,(a,):“":f R, 00, ) = oo
Milay) = g,
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= Example: Find shortest path from a; to a, as

V@)= { 2. yets

> Tf2-03
S, ih2=q
9, P&?':“\‘S " -
o O-therwtye a 3
as
V )= wmiy 2
‘ ueutzj G + V(e 3[(2’“))]
) o 3
) VZ(&L) = Wt (e, 0)+ Vi(a, Uas, 4 Ui ( G a7
) 3) Vi (G,) | (.
‘(\ S o~ —22J) L/ng)
(-

&
/ML(OLL) = &; 77 Qg Wi neegl -
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* Linear Quadratic Regulator (LQR):

= N-horizon LQR: Find control sequence uy, uq, ..., uy—1 to minimize
Jn(z,u), subject to linear dynamics constraints:

Xk+1 = AXk + Buk; Xo — 2 & /Xlé-“-;‘g(Y\e, M;._)
where : Jiy (xo,u) = xyQrxy + leggol[leka + ui R, ]
Y v —
b(’XN) (., Ue) = %T(Q’)(\‘ tulku,

* Infinite-horizon LQR: Find control sequence u, u4, ..., to minimize
Joo (xg, u) subject to linear dynamics constraints: xj,.q = Ax) + Buy

where Jo, (xo, 1) = Yi-o|xf Qxi + uj,Rur|

n
IR R
@ quadratic cost term, penalizing deviation from 0, e.g.:
. T 2
» ifP =], thenz' Pz = ||Z||
= ifP = [(1) (2)], then zT Pz = z# + 2z%, penalizes z, more than z,
=% T
[z,] 2P
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= Solution of LQR using Dynamic Programming (DP)

] -VP,(_.Z):% :2)(?\-) Neldl s Q&.S:,

7A

Vi(z) = ZTP]??

—

= Suppose at j-horizon value function is:

P

Compute (j + 1)-horizon value function using DP

o
( Vig1(2) = min {l(z w) + Vi(f(z,w)} ) & \r""l""ﬂ Tt
= min {ZTQZ +u' Ru + (Az + Bu)" P;(Az + Bu)}

UERM
= min {u' (R + B\TP B )u+2z"ATPBu + 2"(Q + ATP;A)z}
aE ORI

" —(u) = 2u’ (R+BTPB)+2zTATPB =0
oA

J“I
Optimizer: uj,4(z) = —k(R +BTPB) BTP —Kj 112

where @ = (R+BTPB) 'BTPA

"CMEARTOD @ SUSTech™~"
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= Derivation (cont.)
t Via(2) = min h(w) = h@)
= (—K;z)' (R + B"P;B )(—K;z) + 22" ATP,B(—K;z) + z7(Q + ATP,A)z

-1
ZE (Q+ATPA— ATPB(R+BTP;B)  BTPA)z]
=7z P; \_—>\/

where P, = Q + ATP,A— ATP,B(R + BTP;B)” BT P;A

S

I

Rfcca +  recursen

—_

= If at time k, the state is at xj, then the optimal control applied at time
k is

U J= Uk (i) =KXk

a

Wei Zhang CLEAR Lab @ SUSTech
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*= Summary of LOR L<d, o7 -4 @

* Value function is given by: V;(z) = z" P;z, where P; is given by the so-
called Riccati recursion:

[]H Q+ATP,A— ATP,B(R + BTP;B) BTPA]

= To compute the LOR controller:

= Start from initial matrix: Py = Q¢

= Riccati recursion: P; « P;_; 2@8 (—
= Compute optimal feedback gain: K; = (R + B Pj_lB)_lBTPj_lA

VJ‘ (2) L /,15(

—

= Apply LOR controller:
= Start from an IC: x
= Fork=0,.. N—1
= Compute: u, = —Ky_gXp,

" Xpyq1 = Axy + Buy,
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* Infinite horizon case:
= ]t can be proved that if (4, B) is controllable and (4, G) is observable,
where Q = GTG, thenas N — oo, —

* P, - P*, and K; —» K*, with [1(A — BK")| < 1

. ‘a Rt
= P"and K™ satisty the algebraic equations:

P* = AT [P* - P*B(R + B"P*B)™'BTP*]A + (

&)= (R + B"P*B)"'B"PA

Wei Zhang CLEAR Lab @ SUSTech
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Wei Zhang

Coding Example
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