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Outline

e Rotation Operation via Differential Equation
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Skew Symmetric Matrices

® Recall that cross product is a special linear transformation.

® For any w € R", there is a matrix [w] € R™*™ such that w X p = |w]p

w1 0 —Wws3 w9
w=| wy | & w=| ws 0 —w
w3 T — W9 w1 0
! _ i _
e Note that [w] = —[w]! < skew symmetric

® |w] is called a skew-symmetric matrix representation of the vector w

® The set of skew-symmetric matrices in: so(n) =2 {S € R"*" : ST = S}
V 59¢3)
AR A Rttt watrin R € 80(3) |
B“f% o) QeTrz- U et (R =(3

Rotation Operation Advanced Control for Robotics Wei Zhang (SUSTech) 4 /23

® \We are interested in case n = 2,3



Rotation Operation via Differential Equation

® Consider a point initially located at pg at time t =0

® Rotate the point with unit angular velocity w. Assuming the rotation axis
passing through the origin, the motion is described by

Po > . :
[_cﬂp(t), with p(0) = @\ (1)
2 ~ —_——
Pt6) . (& Lineor O0& @ |reeall oc=Ax rxo)=1x,
P h €t SR A
£ ime ) plbr= &Q PE) fs(n: X&) :?(o
Lol 7
® This is a linear ODE with sqution:Qp(t) = el“py nifﬁf}“
’ J - S

® After t = 0, the point has been rotated by 6 degree. Note p(f) = el“fp,

'QRot(cD, 0) £ el®l® £an be viewed as a rotation operator that rotates a point
about w through 6 degree

CoerdimpRe ‘fn@
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Rotation Matrix as a Rotation Operator (1/3

Theoem.

wery rotation matrix R can be written as R = Rot(@,0) = el“lf ie., it
represents a rotation operation about w by 9

Fack: omy matrix 4 te fpon @E  heloys 500)
ot (@ er, 2 (@)=Y

® \We have seen how to use R to represent frame prientation and change of
coordinate between different frames. They are U|te different_ f om the

,.j__~. *w]ﬂ
¢ ¢ T QC“VM-);I

® To apply the rotation operation, all the vectors/matrlces have to be
expressed in the same reference frame (this is clear from Eq (1))

operator interpretation of R.
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Rotation Matrix as a Woerator (2/3)
i 0

1 0
® For example, assume R :K 0 0 -1 >: Rot(x;7/2)
1

® Consider a relation ¢ = Rp:
- Change reference frame interpretation : Twe {mmes \’A S,fl’o) , one f)?h\as\‘(q

- R o ientatiom 0j~ fBB vilat ve 4, f/—\}ut.e. R:. 'LPB Yo‘w«\ oL
—then, P, 1 ore Gortliates of fhe came Powt o ia fgy A3 mf”“""ej
=4 RP & Ma=Ry e [ -

- Rotation operator interpretation:
Rt( D

Have owe 'fvma ?If\S) onk WO pewls o —S o, '}7-_’“0t ) z:“&'

A&_':K Ap
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Rotation Matrix as a Rotation Operator (3/3)

® Consider the frame operation: > orivntatin o )
- Change of reference frame:Rp = R 3\7 /t
7 ) D
H‘O\ L ~ Vv’ LQ\?’S ‘Z{A\
0 ve Ong “f(D\W\Q DlSJ (£ L/,)Os

+ Frame 2Pjeck 1A),  orentad W ),
"Ra= ‘ ‘*R,Q

- Rotating a frame: Ry = RRa

- fwo ‘Frbtmg 9‘\77‘145

~ ohe Y(/jmnC(_ -fmme-)os
oﬁh' -

)y

R "R
A At ™
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Outline

e Rotation Operation in Different Frames
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Rotation Matrix Properties

o RTR_] & o\US‘mth:h

 R\Ry € SO(3), if Ry, Ry € SO(3)  proditct 2f 1ot W“i" s alse
- {p{‘fto" matrix
rp-('a:('-‘m operatve® YYMM/es olr.:-rana —
 |Rp—Rql|=lp—qll € L
. ‘ TRC—1)=HI 1]
'“QT' el R0l Y ERY
)6 (Rv) x (Rw . reggﬂ/e} e ’ta from

@ Yp‘e /t‘
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Rotation Operator in Different Frames (1/2)

® Consider two frames {A} and {B}, the actual numerical values of the
operator Rot(w, ) depend on both the reference frame to represent w and
the reference frame to represent the operator itself. “

)\' 7’ L/,ﬁ)

® Consider a rotation axis w (coordinate free vector), with {A}-frame
coordinate 4w and {B}-frame coordinate . We know

40 =Ry PG

® Let PRot(?w, ) and “Rot (4w, #) be the two rotation matrices, representing
the same rotation operation Rot(w, #) in frames {A} and {B}.
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Rotation Operator in Different Frames (2/2)

® \\e have the relation:

D/v\ ARot (4w, 6) :@BRot W 9@
P :Q"ﬂ\‘wc‘d AR 3 e, g) ,P = ‘ 4,?
S «il\s
P
m{

Anm”kz" Recell M _25"“ By~ PRt °p
_ ot 8 /s,
; :?"’;; iwpwp ) e[*ns"me =) f’ffff - Rﬁ@ -
e () K 6 7 = Rk
- € - \ Rt = *Ry p)cgj
0 | _ [,Q/’\P-I — AR, o P 4p- m.‘% ”'Rn (RA)

B

= ARg Rot ARB—‘
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Outline

e Rigid-Body Operation via Differential Equation
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Rigid-Body Operation via Differential Equation (1/3)

® Recall: Every R € SO(3) can be viewed as the state transition matrix
associated with the rotation ODE(1). It maps the initial position to the
current position (after the rotation motion)

- p(0) = Rot(w, 0)po viewed as a solution to p(t) = [W]|p(t) with p(0) = po at
t=20.

- The above relation requires that the rotation axis passes through the origin.

® \We can obtain similar ODE characterization for T' € SE(3), which will lead
to exponential coordinate of SFE(3)
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Rigid-Body Operation via Differential Equation (2/3)
® Recall: Theorem (Chasles): Every rigid body motion can be realized by a

screw motion
L

® Consider a point p screw motion with screw axis S and unit
speed (@ = 1). Let the corresponding twist be V = S ( v). The motion

i i - 9 t)
can be described by the following ODE. ) ‘P )] .S§ [6?’7 J

| t
£ pe) m [ oj:[[tﬂ o”pg)] 2)
- Py Vo + WK IPE) « -
M‘ﬁ & x=Ax

® Solution to (2) in homogeneous coordinate is:

] 09

(’\f({') 7\
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Rigid-Body Operation via Differential Equation (3/3)

® For any twist V = (w, v), let [V] be |ts%r‘natr|x representation
: x|
2

X4 7
o A{b( w‘»‘) V] = [ [cg] 8 ] e R

g —

/»'j rS]*_; [{w] v _(:_(_( L . (é\ﬁ,[\)/g—,

® The above definition also applies 16 a screw axis S (w, v)
V=56
e \With this notation, the solution to (2) is p(t) = e[S]t

\0 Fact ‘ S SEE) IS always a valid homogeneous transformation matrix.
l‘SJ F: } . Fe%(), helk’
® Fact: Any T € SE(3) can be written as T = elSIt ie. it can be viewed as

an operator that moves a point/frame along the screw axis at unit speed for
time ¢
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v welR? [wJGSo(;) exre c§0(3)
se(3) vSelk’, [§]= [ J““” e

® Similar to so(3), we can define se(3):

\36(3) = {([w],v) : [w] € s0(3),v € R?}

N~

— 6[53 esel3)

® se(3) contains all matrix representation of twists or equivalently all twists.
® |n some references, [V] is called a twist.

® Sometimes, we may abuse notation by writing@e se(3).
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e Homogeneous Transformation Matrix as Rigid-Body Operator
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Homogeneous Transformation as Rigid-Body Operator

® ODE for rigid motion under V = (w,v)

S Velwn

p=Orwxp =i=| b 0|0 = 50 = o)

® Consider “unit velocity” }V = § then time@means degree 6[539

c'][- not untt .vteo( ,

V=96

® p' =Tp: "rotate” p about screw axis S by 6 degree
M'\ﬁ‘fe ! ,Sa)/fram( -
V! N~ musy L J
/) = ? = - 6—[ S]9 ”/(}\; (’h"” 'Pomﬂ
,'Y one Jrene)
® TTx: “rotate” {A}-frame about S by 6 degree |~
— . n Q/TA tre Te SE(D
- U \j
\ ‘ /,7 \_/\,P T /-lTB . 705( Ifs‘ éBj YMM‘:‘W {'!{AS
T
o O— g A B A
[k (‘TA ‘/,}, = 71; - :anh

T as an Operator
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Rigid-Body Operator in Different Frames
® Expression of 7' in another frame (other than {O}):

T < T;'TTg
operation in {O} operation in {B}
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e Rigid-Body Operation of Screw Axis
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Rigid Operation on Screw Axis

® Consider an arbitrary screw axis S, suppose the axis has gone through a rigid
transformation 7' = (R, p) and the resulting new screw axis is S’, then

I __
S = [AdT] 5; 1ot Wl& with o orbitia
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