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Kinematics

Kinematics is a branch of classical mechanics that describes the motion of
points, bodies (objects), and systems of bodies (groups of objects) without
considering the mass of each or the forces that caused the motion
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Figure 2.21: A second collection of spatial parallel mechanisms.

or does it move?

Exercise 2.15 The mechanisms of Figures 2.24(a) and 2.24(b).
(a) The mechanism of Figure 2.24(a) consists of six identical squares arranged

in a single closed loop, connected by revolute joints. The bottom square
is fixed to ground. Determine the number of degrees of freedom using
Grübler’s formula.

(b) The mechanism of Figure 2.24(b) also consists of six identical squares
connected by revolute joints, but arranged differently (as shown). Deter-
mine the number of degrees of freedom using Grübler’s formula. Does
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148 4.1. Product of Exponentials Formula

S1

S2

S6

S5

S4

S3

Figure 4.6: (Left) Universal Robots’ UR5 6R robot arm. (Right) Shown at its zero
position. Positive rotations about the axes indicated are given by the usual right-hand
rule. W1 is the distance along the ŷs-direction between the anti-parallel axes of joints
1 and 5. W1 = 109 mm, W2 = 82 mm, L1 = 425 mm, L2 = 392 mm, H1 = 89 mm,
H2 = 95 mm.

since e0 = I. Evaluating, we get

e−[S2]π/2 =




0 0 −1 0.089
0 1 0 0
1 0 0 0.089
0 0 0 1


 , e[S5]π/2 =




0 1 0 0.708
−1 0 0 0.926
0 0 1 0
0 0 0 1


 ,

where the linear units are meters, and

T (θ) = e−[S2]π/2e[S5]π/2M =




0 −1 0 0.095
1 0 0 0.109
0 0 1 0.988
0 0 0 1




as shown in Figure 4.7.

4.1.3 Second Formulation: Screw Axes in the End-Effector
Frame

The matrix identity eM
−1PM = M−1ePM (Proposition 3.10) can also be ex-

pressed as MeM
−1PM = ePM . Beginning with the rightmost term of the pre-

viously derived product of exponentials formula, if we repeatedly apply this
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• Forward Kinematics: calculation of the configuration T = (R, p) of the
end-effector frame from joint variables θ = (θ1, . . . , θn)

• Velocity Kinematics (Next Lecture): Deriving the Jacobian matrix:
linearized map from the joint velocities θ̇ to the spatial velocity V of the
end-effector
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Illustration Example (1/3)

Consider a 2R robot

• Three links and two joints θ1, θ2

• Link/body frame attached to link i
at joint i (one of possible choices)

• Fixed/world frame {s} frame ,
end-effector frame {b}
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• Goal: compute sTb(θ1, θ2): function of θ1, θ2

• Initial pose: M ≜ sTb(0, 0)
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Illustration Example (2/3)
• Fix joint 1 at θ1 = 0, rotate joint 2 by θ2, we have sTb(0, θ2)
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Illustration Example (3/3)
• Fix joint 2 at θ2, and rotate joint 1 by θ1 ⇒ sTb(θ1, θ2)
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Notation Setup (1/2)

• Suppose that the robot has n joints and n links. Each joint has one degree of
freedom represented by joint variable θi, i = 1, . . . , n

- θi: the joint angle (Revolute joint) or joint displacement (Primatic joint)

• Specify a fixed frame {s}: also referred to as frame {0}

• Attach frame {i} to link i at joint i, for i = 1, . . . , n

• Attach frame {b} at the end-effector: sometimes referred to as frame {n+1}

• iSi: screw axis of joint i expressed in frame {i}

• 0Si: screw axis of joint i expressed in fixed frame {0} (i.e. frame {s})
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Notation Setup (2/2)
• For simplicity, we write configuration as Tsb, which is the same as sTb.

Similarly, Tij = iTj

• Note: iSi does not change when the robot moves (i.e. when θ changes), but
0Si depends on θ1, . . . , θi. Sometimes, we write out the dependency explicitly,
i.e. 0Si(θ1, . . . , θi)

• Define home position: θ1 = 0, . . . , θn = 0. This is the configuration when all
the joint angles are zero. One can also choose other fixed angles as the home
position

• Define 0S̄i = 0Si(0, . . . , 0): the screw axis of joint i expressed in frame {0},
when the robot is at the home position.
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Product of Exponential: Main Idea

• Goal: Derive Tsb(θ1, . . . , θn)

• Compute M ≜ Tsb(0, . . . , 0): the configuration
of end-effector when the robot is at home
position

Chapter 4. Forward Kinematics 141
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Figure 4.2: Illustration of the PoE formula for an n-link spatial open chain.

interested in the kinematics, or (2) refer to {s} as frame {0}, use frames {i} for
i = 1, . . . , n (the frames for links i at joints i), and use one more frame {n+ 1}
(corresponding to {b}) at the end-effector. The frame {n + 1} (i.e., {b}) is
fixed relative to {n}, but it is at a more convenient location to represent the
configuration of the end-effector. In some cases we dispense with frame {n+ 1}
and simply refer to {n} as the end-effector frame {b}.

4.1.1 First Formulation: Screw Axes in the Base Frame

The key concept behind the PoE formula is to regard each joint as applying
a screw motion to all the outward links. To illustrate this consider a general
spatial open chain like the one shown in Figure 4.2, consisting of n one-dof joints
that are connected serially. To apply the PoE formula, you must choose a fixed
base frame {s} and an end-effector frame {b} attached to the last link. Place the
robot in its zero position by setting all joint values to zero, with the direction
of positive displacement (rotation for revolute joints, translation for prismatic
joints) for each joint specified. Let M ∈ SE(3) denote the configuration of the
end-effector frame relative to the fixed base frame when the robot is in its zero
position.

Now suppose that joint n is displaced to some joint value θn. The end-
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• Apply screw motion to joint n: Tsb(0, . . . , 0, θn) = e[
0S̄n]θnM

• Apply screw motion to joint n− 1 to obtain:

Tsb(0, . . . , 0, θn−1, θn) = e[
0S̄n−1]θn−1e[

0S̄n]θnM

• After n screw motions, the overall forward kinematics:

Tsb(θ1, . . . , θn) = e[
0S̄1]θ1e[

0S̄2]θ2 · · · e[
0S̄n]θnM
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PoE: Screw Motions in Different Order (1/2)

• PoE was obtained by applying screw motions along screw axes 0S̄n, 0S̄n−1,
. . .. What happens if the order is changed?

• For simplicity, assume that n = 2, and let us apply screw motion along 0S̄1
first:

- Tsb(θ1, 0) = e[
0S̄1]θ1M

- Now screw axis for joint 2 has been changed. The new axis
0S2 = 0S2(θ1, 0) ̸= 0S̄2.
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PoE: Screw Motions in Different Order (2/2)

- Tsb(θ1, θ2) = e[
0S2]θ2Tsb(θ1, 0)
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PoE Example: 3R Spatial Open ChainChapter 4. Forward Kinematics 143
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ẑ2

x̂3

ŷ3
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Figure 4.3: A 3R spatial open chain.

4.1.2 Examples

We now derive the forward kinematics for some common spatial open chains
using the PoE formula.

Example 4.1 (3R spatial open chain). Consider the 3R open chain of Fig-
ure 4.3, shown in its home position (all joint variables set equal to zero). Choose
the fixed frame {0} and end-effector frame {3} as indicated in the figure, and ex-
press all vectors and homogeneous transformations in terms of the fixed frame.
The forward kinematics has the form

T (θ) = e[S1]θ1e[S2]θ2e[S3]θ3M,

where M ∈ SE(3) is the end-effector frame configuration when the robot is in
its zero position. By inspection M can be obtained as

M =




0 0 1 L1

0 1 0 0
−1 0 0 −L2

0 0 0 1


 .

The screw axis S1 = (ω1, v1) for joint axis 1 is then given by ω1 = (0, 0, 1)
and v1 = (0, 0, 0) (the fixed frame origin (0,0,0) is a convenient choice for the
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More Discussions

•
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