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Motivations

® Most engineering systems (including most robotic systems) are modeled by
Ordinary Differential (or Difference) Equations (ODEs) /-r POE
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® Screw theory, exponential coordinate, and Product of Exponential (PoE) are

based on the (linear) differential equation view of robot kinematics
e e T
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Linear Differential Equations (Autonomous)

® Linear Differential Equations: ODEs that are linear wrt variables

e.g.:
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® State-space form (1lst-order ODE with vector variables): 3
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General Linear Control S}{\stems é(u)o”/i’ @n p{ Wrikten 4
Lingr - TLX)= AX State - pace fov
® (General (ﬁgtonomous) Dynamical Systems: x(t) ={f(x(t)) r jw

- x(t) € R™: state vector, f .‘;R”>—>. vector field l 47"0(0' ove
"AW’@Vlomoms.' mean s ﬁ AQP@\(,L anlo on " ‘ ‘A ULt
® Non-autonomous: a:(t) ), 1) dence <))‘w(

sl g ol
29 n=Ax + Snlt) F\«x‘rol(‘r) chftw an-x O

® Control Systems: i( :Lf (z( ,g: ;)]

- vector field f : IR{” x R™ depends on external variable u(¢) € R™

. |
X= Agck Slu )

® General Linear Control S

&(t) = Az(t) + Bu(t), with z(0) = j
y(t) = Cxz(t) + Du%]é St YC(ﬂﬁW\ 'f X.n)= AXTBY

—_ T (xt), ue)) = A?(H')f/sa”
- x € R": system state, u € R": control input, y € R”: system output

- A, B,C, D are constant matrices with appropriate dimensions
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Existence and Uniqueness of ODE Solutions

® Function g : R" — R” is called Lipschitz over domain D C R" if 3L < oo

< gmooth lo(z) = g(a)l| < Liiz — a'||, vz, 2" € D
/[\/\ /V‘MW’ A T 3Rdm
= " > -

® Theorem [Existence & Uniqueness] Nwr ODE %J
@ Coat) = fl=(),1), L c@ N°M.
has a unique solution if f(x,1) is Llpschltz L and piecewise CO;&PUOUS in t
a
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Existence and Uniqueness of Linear Systems
® Corollary: Linear system

t(t) = Azx(t) + Bul(t)

has a unique solution for (pjny piecewise continuous input u(t) 3
\
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® Homework: Suppose A becomes time-varying A(t), can you derive conditions
to ensure existence and uniqueness of @(t) = A(t)x(t) + Bu(t)? colif)
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e Matrix Exponential
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How to Solve Linear Differential Equations?

v

General linear ODE: #(t) = Az(t) + d(t)
———\‘\/\ﬁ

o€ R Y d)> Bue)

The key is to derive solutions to the autonomous linear case: @(t) = Az(t)

with z(t) € R", A € R"*", and initial condition (IC) z(0) = 7o.

By existence and uniqueness theorem, the ODE & = Ax admits a unique
solution.

It turns out that the solution can be found analytically via the Matrix
Exponential
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What is the "Euler's Number” e?

® Consider a scalar linear system: z(t) € R and a € R is a constant

2(t) =«z(t)/ with initial condition z(0) = 2 (1)
® The above ODE has a unique solution: 'Z(Jc)::
o> o chede Toc 20)=2, v
i ched vear $ld 4 (263 = (€72) = a(¥2) ':
® What is the number “e"7
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Complex Exponential

® For real variable x € R, Taylor series expansion for e” around x = 0:

x_oozvk_l T e
e = o —|—x—|—§—|—§+~-

® This can be extended to complex variables: 2! o
% 22 23
e? = —=1l+z4++ 5+
; k! 2 3! A5 2=j6‘
This power series is well defined for all z € C
® |n particular, we have e?? =1 + j0 — % — jg—? + - = 0,59+:) S0
® Comparing with Taylor expansions for cos(6) and sin(6) leads to the Eulers
Formula . % 95 ™
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Matrix Exponential Definition

® Similar to the real and complex cases, we can define the so-called matrix

exponential «fw Squarg F\Glllmm
A A Ak L I A A2 A3 hxn
‘ _kzﬁ_ TAt Tyt eR

AVa) LR B XS ()

® This power series is well defined for any finite square matrix A € R"*".
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Some Important Properties of Matrix Exponential
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e Solution to Linear Differential Equations

Linear Systems Solution
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Autonomous Linear Systems

t(t) = Axz(t), with initial condition x(0) = xq (2)
® r(t) € R™, A € R"™ ™ is constant matrix, zo € R" is given.

® \With the definition of matrix exponential, we can show that the solution

to (2) is given by P, ot
I. K mo; 5 /M“ ;@n
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v
Computation of Matrix Exponential (1/2) ~, .
-~ A(l"(' At‘{if’f" X

® Directly from definition : @, = (P-t)k - v -
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Computation of Matrix Exponential (2/2) scalar: .
2\ _‘S
® Using Laplace transform X@):‘f(\((‘@)e d€
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Solution to General Linear Systems

(3)

® r c R"™ is system state, @m is control input, y € RP is the system output
L N NS

e A, B,C,D are constant matrices with appropriate dimensions
Wxw NXim PN Pxm
AR, ReR™ ., CeR ", DelR

® Homework: The solution to the linear system (3) is given by

T.

z(t) :%lt% + [LeAt=) Bu(r)dr ) oo
y(t) = Cettay + C’fot eA=7) Bu(7)dr 4+ Du(t)
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More Discussions




