MEE5114 Advanced Control for Robotics

Lecture 8: Rigid Body Dynamics

Prof. Wei Zhang

CLEAR Lab
Department of Mechanical and Energy Engineering
Southern University of Science and Technology, Shenzhen, China
https://www.wzhanglab.site/

Advanced Control for Robotics Wei Zhang (SUSTech)

1/32



Outline

Spatial Acceleration
W

Spatial Force (Wrench)

Spatial Momentum

Newton-Euler Equation using Spatial Vectors

Outline Advanced Control for Robotics Wei Zhang (SUSTech) 2/32



Spatial Acceleration

® Given a rigid body with spatial velocity V = (w, v,), its spatial acceleration is
tootoliwske {rec

o

A=V = [ ;” } AR im Y(m;)/(u

§>»
- Recall that: v, is the velocity of the body-fixed particle coincident with frame
.. . L S N
origin_g at the current time t. q' i

STV
l”"J‘ﬁ‘Xe
- Note: w is the angular acceleration of the body '

pMtnet: 9=4) %=@f) , it £ 46

- Do is not the acceleration of any body-fixed point!
A~

- In fact, v, gives the rate of change in stream velocity of body-fixed particles

passing through o : i

Spatial Acceleration Advanced Control for Robotics Wei Zhang (SUSTech) 3/32



Spatial vs. Conventional Accel. (1/2)

® Why “0, is not the acceleration of any body-fixed point”?

® Suppose q( ) is the body fixed particle coincides with o at time ¢

P

® So by definition, we have v,(ty) = ¢(to), however, 0,(to) # G(to), where
{(to) is the conventional acceleration of the body-fixed point ¢
i)
- Note: 7,(to) 2 lims_y0 ”"(to’“s()s @’

)

AR £t =0 = vl 4 o) peent b
ACEN 048, 4(OVEDT D) it 5) 44 o) ‘i.‘*‘k«.( ot - tﬂx
RSIUME: BX =48 4, (bykg) =5 | ) Vilkots)= § Usts) tfs sZL"_’ “
Mokt G ond 4 oy dvﬁemt Poats 1{[“‘5)‘ -

4, le46) F {tots)
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Spatial vs. Conventional Accel. (2/2) Bkt 4 4, (1.6 1)

2 Bkyz lw WENWE L Gite) )
o > oy < = Zﬁ‘)

\%3 plbkm{’m: ot ol £, we hwe w
Wt ol v (assumed ). 46) =%" > %7(6)_,,

= | j=%) § oo x 0f) £ X §)

Mo, =0 = fl)= bk)+ Wit x4, )

® |f g(t) is the body fixed particle coincides with o at time ¢, then we have

@ = 0o(t) + w(t) x §(t)| s

Py
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Pliicker Coordinate System and Basis Vectors (1/3)

® Recall coordinate-free concept: let 7 € R? be a free vector with {o} and {B}
frame coordinate °r and Zr

o= [0

©w<
{Jts
X

2

/vx———\
| o rmpar

H

3\‘\: ‘T)( () Q’:\ﬂ_\__ii @) nwvgh

7 [,dem@ =% 4 8%
*, x

\

. Cfrtss Hhe Phuses” 0 o Frame
> l/:(%\‘b%]i@t(o‘\\)) DY‘=L0’5‘\3 OQB ‘21 5
——

YM@V‘V d@rl \/Mf‘ vt

S o e
wse ) W) - -fmu te QQ{Y(ss jh‘jcm T\ ﬁrt«u
@):[%,fﬁ,\]i,\, :_,(/(o |
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Pliicker Coordinate System and Basis Vectors (2/3)

'@ =& G ) - ‘/ om s 7
s(\")l Q]‘) X i e cﬁwg.v ( DQG

L Ry (Ja ZBSGT“"(%& f)l éﬂ‘{v)

we x (R Fo 3% 4K G @

hsé {55 -irwm o ¢1rrusg oy i "
.Y _6 o(
= W XEI‘-(- o
"Erz \—3'\“1 dégggggj;é: = . Vdiﬂnil

(Y in ¢
o\ca“mﬂnt \J olue o chanjes

e Y
=), = W <2y
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Pliicker Coordinate System and Basis Vectors (3/3)

N T B i H P b=
' aeed.
0, S|l A
\i iBS N 3 Vket] Ca € mrtten bag Vet

Ma = [g] . medns "WO raJm\-ls vlowt {j\n ot it eed
Given §b ) frame OV e,

Yes eq, - ?ggs" ' : ‘

v pl 1 P
cach €wisk ¢ [inear ;

G , 3&0
(owbinstion =j— b ~ mtim hnsisvc % '&) - B¢

Yoy sl ident - f ks, hon ] Y
S M bae‘J

Crordlinadc -{v((_ _
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Work with Moving Reference Frame
8 \se H— au + e;c ress bhe auave ryh“] stes

’Vb‘,d:) = d\@*’ 0(;_. ~.. 0?‘ @ [€g| eB.

6e 4: - Con LLC"”])‘V\'G_(’/( -f‘om I'!js (_‘5’ 0"49{ Apist dcf“l""l
) ’eg, VO 1E¢o( winkn sbowr e axis e\;\zresseal 1 §5)

l'1 © I-= , —_—
‘ ['em - °Cs,_] = OXB = [AMD'E:’] ‘f(s Ta CK ﬂ J
bxb ( [G}R ; K]
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\"(Sg o
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~
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Derivative of Adjoint

® Suppose a frame {A}'s pose is T4 = (Ra,pa), and is moving at an
instantaneous velocity V4 = (w,v). Then
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Spatial Cross Product
® Given two spatial velocities (twists) V; and Vs, their spatial cross product is:
P Bt i R el 3 e
1 2 1 X V2 1 2
~—~
Lie Bracket

® Matrix representation: V; x Vo = [V1 x| Vs, where
'M

Mix] 2 [ ] - 0 }

® Roughly speaking, when a motion vector V is moving with a spatial velocity
Z (e.g. it is attached to a moving frame) but is otherwise not changing, then

V=ZxV
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Spatial Cross Product: Properties (1/1)
® Assume A is moving wrt to O with velocity V4

OXA = [OVA X]OXA

- Mo,ehor st V,

0(@x] = X[Vx]XT

\

or any transformation X and twist V

\!
(Rw)=R(IRT
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Spatial Acceleration with Moving Reference Frame

Consider a body with velocity Vyoay, (wrt inertia frame), and “Vy,oq, and "Vyoqy be
Ol and {B}:

its Pliicker coordinates wrt
() Vi WA Vot D o frame 85 5.0
—~_ y

S—

( N paparpe olerveive
. A\L/ N O4p “?,’L W 7[,,”,, §ly fwist |
F(vb’olj‘) K?{? b’? w(-utj Cwist
o gow) ’
ot

" @(1"*‘3));5 frml oagg pp change
9@"’7): %—('V??) = ﬁq‘:(")@; BM,\?>= +°X'B{/‘1f7
= Me% +® 59504(7
=%, b X1 B~ )
% f \4,[74])93 Vi, +1/ oy
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Spatial Acceleration





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Spatial Acceleration Example

.« o~ B s
IRV A{,F - %ﬂlﬁl{)

Motk 1 = hi’-&a}u +V’thn')/-&r
8 (9% s, -[°
Vﬁr[?} 9= o

3 4
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Outline Methd] 2: use €] fane V,:F:}
s U( ° _ 0

° 0
“A=]
9

9
0

e Spatial Force (Wrench)
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Spatial Force (Wrench)

® Consider a rigid body with many forces on it and fix an arbitrary point O in
space

® The net effect of these forces can be expressed as §r\ ‘
- A force f, acting along a line passing through O -

T = z] 'j‘
- A moment no about point O
N = Zﬁoﬁ)xf yewll:
¢ Spatial Forcemn by the 6D vector \/L_—- Vot wx D—rf
¢ Wetneh |
=17 ]

Y o we r,‘wbc v;jmw YR _&W o g
M= Z@?fo Not ?@7,,\)(‘.{_0\. Xft)
Whoin = ot T(R- ) x
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= ot }ﬁxf;

Spatial Force in Plicker Coordinate Systems
=N+ 77 xf
® Given a frame {A}, the Pliicker coordinate of a spatial force F is glven

(onvertiom :  clase Jrome 3G .
5 vrﬁmw Pt F = [ A}“ }
e Coordinate transform: AF = AX%°F where 4X% =

Fomt (a1, {B), with “T=C"Re. ")
A nos
AR B
S‘: R& {_@

. momewt: Cosrol) Avhe — free - W B%r

(4 A) o < s "1y ~"R 31, (@3 @3)
Spatial Force Advanced Control for Robotic: RE( noL +WC—Z‘h1)>S'f<hG:9)/(329
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.f_

Wrench-Twist Pair and Power 5w  Twer= fr\/ c<f,ud

® Recall that for a point mass with linear velocity v and linear force f. Then we
know that the power (instantaneous work done by f) is given by f-v = fTv

® This relation can be generalized to spatial force (i.e. wrench) and spatial
velocity (i.e. twist)

® Suppose a rigid body has a twist Y = (“w,”v,,) and a wrench
AF = (*n,,,* f) acts on the body. Then the power is simply
—— %A

@(Av)TAf _ A‘}/ A‘V

4
ﬁ:{ﬂr v&-é bl

=l Cay + 2y f
N — o~
Yu{’ar("-’“"'t r};ou/M
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Joint Torque

® Consider a link attached to a 1-dof joint (e.g. revolute or prismatic). Let S
be the screw axis of the jeint. The velocity of the link induced by joint

motion is given by:V : /]: y V
addd4
® F be the wrench provided by the joint. Then the power produced by the

joint is @:@J;: (ST]:) 270
\)

JATIR]
o 1 =8TF=FTSis the projection of the wrench onto the screw axis, i.e. the
effective part of the wrench.

e Often times, 7 is referred to as joint "torque” or generalized force
- ——l— ———
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QOutline

Spatial Acceleration

Spatial Force (Wrench)

Spatial Momentum

Newton-Euler Equation using Spatial Vectors



Rotational Inertia (1/2)

® Recall momentum for point mass:
LA Car  Motdm:
""(DO"“a V=YL 6= V=Y LR

j?ﬂ(’,: 'f’-ma.:w\\'; —

Yinear
mondrtum :

&

= mv —

> w= W V= wxy
> moment YL:Y‘XJL

= Angular mrementum :

=T w

Advanced Control for Robotics

Spatial Momentum

¢=rx L

= rx(m Ui);r)_q MO e

: } TM“M‘%
SCalnr 373 ;x;\\ﬁ Tnertia
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Rotational Inertia (2/2) =

L —

* Rotational Inertia: [ = fv@[r] [r]T@7?ﬂn nors FREND,

- p(+) is the density function of the body
Hiis metrios

_ d[rﬁd m{imk
- I depends on coordinate system

75+lm

- It is a constant matrix if the origin coincides with CoM

Whst s d’«f“# Center of Masg -

2 on [0
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Spatial Momentum 3

® Consider a rigid body with spatial velocity Vo = (w,vc) expressed at the
center of mass C' (tltdwts thw Lok JALJ’\'L]M""‘/

en = C !V\)
- Linear momentum:
- L Mva

V(i’Of/j j C ’V\ ( WLU) ik wen 1S velor Y
- L A
Z\m Vi

SM C\/c"l’ UIXC?>

1

EN
- Angular momentum about CoM:

l = w¢°?c~>— CV\X(WL\/)-zUx\

¢

Angular momentum about a point O:

(/Hdtth I\(
= W\x(w\\/) = ¢ A00xL
® Spatial Momentum:

‘J\IJC * %Wl‘ CY\YX(‘(/’\
—~— e~
N Ve LML(])

—

\(ZLCPXMVM-ZM L XWx O Lcw

L '@J/‘m/f é L Coortl vk e \ .

orientin dosen & he S e
on\a\\n "f (‘wwl(m»le ?/51?»;«;‘ o
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Change Reference Frame for Momentum w
flg = Nt 9 (-

® Spatial momentum transforms in the same way as spatial forces:

™ B
(o Ch="Xgh
[5/{? = _ (A /
To=C"Re Ug)
Bl (" e by, _ bp B
L B -

o) e — free @)

.

Ly hhr@rey <

-_:> AL‘\ = h}(g @h
\[&SNAZ ns chane ﬂfaw{w —)Qr Wituch
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k : §Cfn?lw t —\fpr(( F\ :( ‘ﬁfka oot erte. wat hx oo

Py e mtspe Mt
® |nertia of a rigid body defines linear relationship between velocit}\Zand Forces
momentum. @Fe
)% =

Spatial Inertia

Trst
® Spacial inertia 7 is the one such that
Wstion e - bt 1%
h =7 Accelienit )\
— e Srﬁ{t wveach
® |et {C} be a frame whose origin coincide with CoM. Then [w Iu
—~— OMeu UM
CI — EL\ 0
— 0 ™m
Ta ths case. wt kaw bxb \ et .
wlyio >y A0 % wetv

CV:

‘W
3 S
{c\/‘l / Viom = \/‘7 -:3 L\_: W[C\fc
C . _ T Cu) [ o
‘#c:clﬁw Lh\[ e = | I [{,}]]
e < M,
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Spatial Inertia Ry R R,

® Spatial inertia wrt another frame {A}:

T =2XETX,

i&ww =)y = I Qx}‘v

Ay
® Special case: “R¢ = I3 ( onertba < W same 05 fc) >

Wt lenw - 4><C,~|: I, o
)

N
L/}A_? Ay < T+ wml T w9
Vh YW‘] ) " IJ ”n

b
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Outline \)%e ‘VF:[;'} . ><\3 et (s

Y gl

liag bom victs foe e witnch
)C'"d‘”’*f'fm enresing

N T 3 2) J@: H?/L
o KR
Noms L;/\_,
BT T tn ont i 123 a b 1; ok
e Newton-Euler Equation using Spatial Vectors g )
v
P
Xl — V& x’k X;

where “x* ’ d(’{“\\[b( oS .
V:[M'//] ’ j—\l‘: [,%] ' )/ K ? s [ MKMW_\;';XK‘ -
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Cross Product for Spatial Force and Momentum

0 i) -t
Assume frame A is moving With velocity “V4 | " @4 ‘/““Wj
7. A4 7] :/w AT < [yx:' :[Cud %)
Llpwd‘nﬂe S (i w 0% ° (w]

olenvetive ‘

WX oy

). A[%h] :%(Ah) +AV><*Ah

Xy = M x”] X;

e chree 7 for
A s

%

[yl = -[va)T
o« ot
use s@gw ™ to exvess this ’Y)hq&f; '

AR
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Newton-Euler Equation y

%y

v
¢ Newton-Euler equation: ”ff“wﬁg% Goertlitoe- ﬁda) "eéfz 70’:”% o
L4/ end >y

Y

EO e et g

® Adopting spatial vectors, the Newton-Euler equation has the same form in
any frame

Fegb=4(zv)= 120+ 4y,

) EARTEY)
l_(/* s uerk Wi‘ét\ Wortie ‘FfD'M( {‘\ +o ’;1"{/4"&' <\Z/M/ to 11lrtia
v s C/"“Jj"\j

derive +ae NE- Ulumﬂ'm due 42 Y (\/eﬂ””fﬁﬁ

F Yo Llftﬂﬂé‘
é?’ " Ryt J

>
X Vb»JJ - 4B\ : Lpdj —&ix@(
>

°) = Y = @/(,7 . B onstant
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Derivations of Newton-Euler Equation
T = 5= ferw)= e
= Sl )Y+ A

% "T% V+§% '3>< ’V2+ “TA

- EVE J@ o i‘fi”e

‘?ﬂs Lok S VRS I VAR |~ we Row
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