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From Single Rigid Body to Open Chains

® Recall Newton-Euler Equation for a single rigid body:

¢
portemst € K]-':%h\:_(IA—&—Vx*IV) SN0

ch -
wren o innte
ooVt 11«1 Fooms- (F; T
LA

® Open chains consist of multiple rigid connected throug}‘(}oints
Lodies

® Dynamics of adjacent links are coupled.

® This lecture: model multi-body dynamics subject to joint constraints.
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Preview of Open-Chain Dynamics

® Equations of Motion are a set of 2nd-order differential equations:
TR € (D=MO)i+(0,6)€
T=M(p{+ @ o828+ ()

- 0 € R™: vector of joint variables; 7 € R": vector of joint forces/torques
vex,

- M(6) € R™*™: mass matrix
- ¢(0, 9) € R™: forces that lump together centripetal, Coriolis, gravity, friction

terms, and torques induced by external forces. These terms depend on 6 and/or 9

q Sihulation
U Forward dynamlcs Determine acceleration 6 given the state (6, 0) and the

Given T , ompit o £ FD(7,8,6, Feat)
® Inverse dynamics: Finding torques/forces given state (9,9) and desired
acceleration 6 o
Given desired wetion (8 6, 8) 7 < 1D(6,6,0, Feur)
'S:“"\ the vequined {.,.nlu( o Generate the desied wetion
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Lagrangian vs. Newton-Euler Methods

® There are typically two ways to derive the equation of motion for an
open-chain robot: Lagrangian method and Newton-Euler method

Lagrangian Formulation Newton-Euler Formulation €
- Energy-based method - Balance of forces/torques
- Dynamic equations in closed é - Dynamic equations in
form numeric/recursive form
- Often used for study of dynamic - Often used for numerical
properties and analysis of solution of forward/inverse
control methods dynamics

® We focus on Newton-Euler Formulation F_,\-HW‘P"“ '
M—,
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Outline

e Inverse Dynamics: Recursive Newton-Euler Algorithm (RNEA)
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RNEA: Notations

® Number bodies: 1 to N
- Parent: p(i) @ @3 T('—)=| . P82, ple-2
- Children: ¢(7)

ey . enf)
® Joint i connects p(i) to i -

o moves widn g d . _
® Frame {i} attached to body i ok the Jowta |

£

0@ Spatial velocity (screw axis) of joint i |

e F;: force (wrench) onto body ¢ from body p(i) 1

® Note: By default, all vectors (S;,V;, F;) are expressed in local frame {i}

N
tithor weons poalinde e
sy @ Corrdinokes q (oqatl (fw\ml i)
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RNEA: Velocity and Accel. Propagation (Forward Pass)

Goal: Given joint velocity 6 and acceleration 0, compute the body spatial velocity
V; and spatial acceleration A;

) "Vp() +'8i b;

(X)) *PApy + Vi x1Si0; +1S:6;

vene e dymis )

Givon: 6, 0,5, all Kinenabies & Dgvawics
Pummcﬂrs 'j‘ each lrol"a ) ‘(-\M( the

w(uim( -{-br'luc T.

Velocity Propagation: V; = ("X
Accel Propagation' ‘A =

Goal:

13 V ggl)‘]}(:Iglél

Vo= M+V,,/|=§i9.+ 26}_
use {23 fowme o express .

LvL=ZX|l§| Gll + st s.b

Recall © o= g'{ﬁ )52 we feed to Comuie
Fol b ke Fr e ek Ve, A
Aclonti: A, = Y = 9 4

TIn Cooinale \AL — LX \AI [gz_g,

RNEA
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RNEA: Force Propagation (Backward Pass)

Goal: Given body spatial velocity V; and spatial acceleration A;, compute the
joint wrench F; and the corresponding torque 7; = ST F;

Fi =LA+Vi xX*TVi+ 3 i T

0 . (F""T
BJ:]({’ /’:"P+Fa¥: Tofry 7/1&"'1?)4 d* 4/12

Ty = gv 'ﬁ
Bedm 3- sim.‘(w, \
<)
Bady 2+ sl dﬁ’ i

? ,I"Az 7% +/E"'7tf"

R \e
T7, = ;I TL
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Recursive Newton-Euler Algorithm
6 Kinematics

o olynenics
7 < RNEA(§, 6, 6, Fous; Model)

Tnitindize - Vo’o ) _/‘tﬁ-/lj ( trck ﬁ'}(]""“'bw"\f?)
® Forward pass: For -
‘.Vﬁ = X?(;) )/7:() 'IS' 9.,
A X?l") gt +'%;: 6, + 'f% x 'S, 8
R N R S\
F"“ - Mi-l | JwrMDA {aJ”m#(

. . Wotion af‘ "
1 =5 g

96> = wﬁm + 1 17

® Backward pass:

£ A
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Outline

e Analytical Form of the Dynamics Model
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Structures in Dynamic Equation (1/3)
® Jacobian of each link (body): Jy,...,Js

R d_end-( the Taceban 71’ L‘dd 1, Q-’a. V;:- I* é—;[a’}( T T )—14) s,
Unk [.‘
9".}

6,
o

Iyz_= E_é = [gl :( S‘-..;‘IO 'l 01{%’.

T {z}, . , O
n L’VI=[LN<\;1$L,(9 X ,J ®
—_—
"L

1-&(- = ["‘Xulgﬁl \eyl.lgb | 1 " FS-Y—]
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Structures in Dynamic Equation (2/3)

. ftoreel T to-bodvd
Conctder 2_“;3 bl will, externsl wrench "Ff‘ -Bue RVEA ¢ mrvk T

O frwnnd 26~ V=58, %=[xS: )[4,
Ao Ao [$~}

//d Z-v-’gj(-‘y’z/iﬂ")‘gﬁ&

© bkl pss - F- ¥ pt Uy, - £

Fi= YAa+Yx2Y + ' F

z

(/
Q4
= DAt U 3+ (At ux’n:;é)-m’?," ~

= STF = sT(mpo vk ) + (%) (A ez Lo

0 2 (xs) ™
®
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Structures in Dynamic Equation (3/3)
® Overall torque expression: (7). -,5«.7“‘ ,,7“,‘,,,( Aot jont | b Senerk

e b e
[
@ s due & extomel wrench f.

_C’[‘((]: [ T (apt )!‘('(IXSDT(’IA*“) + ('5;(, 9‘)"[_ 7,;@‘)
L] Lo(gac) w S (mAs) 4 ST CR7)

= [ [F Jor 7] FF

' o] :y; 0%

(

D
-j-l=[§\ O) J L-_ {'Lxlql (’ S’Lj
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Derivation of Overall Dynamics Equation
o s, it Semeral with A 500(1'!5_

T= £( T (tAt e rns) + T (

oxtera( ﬁa terms)

i e, e e

' f}’fx

To Wlate to 9k vowtadles

=T, Ai=Ve= FTb + Tt

[N T [
1=~'§ ELROATL LT + 1 .
~N— 2 Clo.8) § + EJ_\-TC /f'VYa.s).’
= M) T=

= M(0)0 4 c(0,0)0 + 7y + T () Font (1)

t v,

d( —— T (extnn)
Z\ I (23 vmvorm +0agy

T—f we Onsrden gmv:'ba , we need € ad

n
. = C
S T4 (CA) | = TEE
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Properties of Dynamics Model of Multi-body Systems
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Forward Dynamics Problem T= M e+C(s,6)

gven «7)’*" bﬂ sa‘”'( y Siven

B . - T ‘ N
@_ M(H)@+ (9,9)9>t;vfn+J (0)Fea ® = C6,6) ?)

® |nverse dynamics: T <—\RNEA(9,9,9,]—'€wti l O(N) complexity
- RNEA can work directly with a given URDF model (kinematic tree + joint model
+ dynamic parameters). It does not require explicit formula for M (6), (0, 6)

® Forward dynamics: Given (9,9), 7, Fort, find 0
1. Calculate 5§976'?] = ((5.8)0+ rJ ¥ -J.TFM_

2. Calculate mass matrix M ()

Js;.ﬂﬂ
3. Solve@@ O—c = ©= M.-I (- <)
N . ols
vhm C""" Tuts b5 net Hhe mesk L«Hmtw*’ U’”J “ D‘l

AABA
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. ~ dae> ot
Calculations of ¢ and M Wzﬂne

® Denote our inverse dynamics algorithm:@:%NEA(ﬁ, 9, é, fem)) = Mé-(-(c\:

® Calculation of ¢: obviously, 7 = 6(0,9) if § = 0. Therefore, & can be

computed via: ' L
¢(0,0) = RNEA(0, 0,0, Fert)

* Calculation of M: Note that &(6,0) = ¢(6,0)0 (T;— JT(G)]-'em.
- Set g =0, Ferr =0, and 6 = 0, then &(6, 6)=0=7 =
= m.w) 6) - Mat)] (8

- We can compute the jth column of M (6) by calling the inverse algorith °'
0

95 :[:+5"‘-w M. ;(0) = RNEA(0 0@ ;"i‘ o [ ] " B
4 . ey
. 0 -
where Q?iis a vector with all zeros except for a 1 at the\jth entry. = Ns)
oi=!] %= O]ﬁ .
® A more efficient algorithm for éomputing M is the Composite-Rigid-Body
Algorithm (CRBA). Details can be found in Featherstone's book.

Forward Dynamics Advanced Control for Robotics Wei Zhang (SUSTech) 19 / 22











































































































































































































































































































































































































































































































































































Forward Dynamics Algorithm

e Now assume we have 6,6, 7, M(9),¢(0, 6‘) then we can immediately compute

§as = M1(9) [T ) 9’)}

= 6=F(T6.6 o)

® This provides a 2nd-order differential equation in R™, we can easily simulate
the joint trajectory over any time period (under given ICs 6° and 6°)

Computational Complexity:
- RNEA:  O(N)

- ¢= RNEA(8,0,0, Fert): O(N)
O(N?)

O(N?)

- Most efficient forward dynamics algorithm:

Articulated-Body Algorithm (ABA):

Forward Dynamics

Advanced Control for Robotics

r = 9; 'X). :é
e T{K"
&le[n
&1- \ 1 - b1 '
- W) (- o))
2nx| vecter ‘f""’(‘{

X= {W)

0(!:1‘( = X 1 at :F('x'_‘
o

O(N)
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©MB) wuss mwemx o) =Mly) , NVLB) is postiae semi-defiik

« Thert ore n\mﬁ eiuiva(u& wovgs t d(';fm c.9) 6'16:] all |ead| %
e sane odct: C(6,8)8 J o)

£, €886 = {~2 9, gjz
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—% . .
&, (7] 3%
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More Discussions

° ijf(al exYYessrm -fon C: [C{j) =

- ((8,0) olcj—Mzd us?vj P«‘J‘k
Sad.‘s-fre 5 M-2c - <bew SJM e

‘-’Yw
Vixn

+ M), c(8.9), Ta ol depond o Y, \;nml«J |
M= RT3

MT58) @S MR+ 28 8) = w M 870) + EM(TH. 0
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