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Motivation

® QOptimization is arguably the most important tool for modern engineering
® Robotics

- Differential Inverse |nemat|cW

- Dynamics
- Motion plannlng &2 LRR )
- Whole-bedy control: formulated as a quadratic program

- SLAM:
i)
® Machine Learning
- Linear regression
- Support vector machine:
- Deep learning &
® other domains
- Check system stabilit@
- Compressive sensing
- @: least square problem
® Roughly speaking, most engineering problems (finding a better design, ensure
certain properties of the solution, develop an algorithm), can be formulated
as optimization /optimal control problems.
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Real Symmetric Matrices

® S": set of real ;ymmetric matrices
\.\ QIR"“‘ Aé SJ\ @7 Af=A
"{AII eigenvalues are real (d-‘AJoml-'MUe.)
"?)J@E Rer™", a.:;(e) has m j

AeS" 2 A-TOT!
® There exists a full set of orthogonal eigenvectors T

dM?no(
\{ ® Spectral decomposition: If A € S", then A = QAQ™, where A diagonal and
»(. Q@ is unitary. Q is Mﬁwa . dR=T. a1
.Y- I . \-/-\d'/'/\
R Q=[q,; % 14,

0  otheuise

. | .‘j— i:j
‘i.;‘tja(

A/
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Positive Semidefinite Matrices (1/4) QKA y%”

= ‘Yl E ][
° A EiS? is called positive semidefinite (p.s.d.), denoted by @ j

>0, Vf)e R" AY s o quadritre -fw'l 4 .

* Ae S” is called positive definite (p.d.), denoted by A = 0, if 27 Az > 0 for
all nonzero z € R™

® S7: set of all p.s.d. (symmetric) matrices
Lo

e ST, : set of all p.d. (symmetric) matrices
N

® p.s.d. or p.d. matrices can also be defined for non-symmetric matrices.

1 1
: T AL \ z e
O

o T
B = = { ) ‘Twnm.m =[, 1)
® We assume p.s.d. and p.d. are symmetric (unless otherwise noted)

&Notation: A= B (resp. A~ B ) means A— B € S} (resp. A—BeSY,)

o

- : S Voke: 3 wabnts - C
“ & pwest | Abo ! s Cao
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Positive Semidefinite Matrices (2/4) A2 B (demett-wic)

A A > 8
® QOther equivalent definitions for symmetric p.s.d. matrices:

- All 2™ — 1 principal minors of A are nonnegative
,\l_' -_All eigs of A are nonnegative g\‘J ® , }“ 1D VREIND YA

- There exists a factorization A = BT B

® QOther equivalent definitions for|p.d.\ matrices:
- All n leading principal minors of A are positive A-_[Z )
(,‘.

o - All eigs of A are strictly positive )\, -~ )\ _g /\T\

;[]{
-]
= BT B with B square and nonsingular.

rtAeSt , AN = QAN (T

/T::-Al :B'TBU 4 -
A[}h ,b,l\&
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Positive Semidefinite Matrices (3/4)

® Useful facts:
- If T nonsingular, A = 0 TTAT = 0;and A> 0= T AT =0
A —— - = T

010‘:"':@ TAT™': simi (MH:) -l:nnpfvwdfm \\) fg:
neek S
un]—('kf\a TTA‘(' : (‘mjnacnt -&mlrfnrmd\‘w ; I\W.H:'\' uadey

- Inner product on R™*™: < A, B >£ tr(AT Y2 AeB. ("“‘77’“"" -bmsfvmﬁa.
Mk mxn .
wAER™, ™ i SEr(A®) = bCAsT )= r( ) = =tr(RAT)

= ZS_: A"'J
v )

- For A, B € 8%, [tr(AB) 20\
n
Bosquere, €S psin.

S AR =4rAR)= tr(AR)

/ Pof o Hw
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Positive Semidefinite Matrices (4/4)

- For any symmetric A € §™,
<>\min (A) > M><:> A - ,u[ and )\max(A) < ﬁ = A < ﬂ]
— =

(AT-A) =0
d (ti ) A- ML %0

pro«‘-s-.- Hw
D A=eART fr witvga (Q0-1)

A-AL=@® (/\ ~/k1) oF eomgrutet -(:mm:ﬁmaf\"-
Ny~

w does wt chmge psod
A-f o0 & nopa s

= [A )\.]_ [M“--M] bo

E Nl za
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@ %l <
(f—g L —|| <5

S)
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Affine Sets and Functions (1/3) /
ofwx)

® Linear mapping: f(z +vy) = f(z) + f(y) and f(az) = e, for any x,y in
some vector space, and o € R T

Ekm]ﬂts’
- f(z) = Az, 2 € R®, A € SO(3)

fx4) = i (sery)= Axthy - - :

- flz] = [=(r)dr, fo‘r all integrable functionlx(~) ) xXYelr lZ‘gI \,i:
“oon , e ol
tf: ) — R f -f[rx-«-j'] = f@r)*jﬂ))dm lrxtmlr

(
_@expection of a' random variable/vector x 4 J'J ) ot "-’ff'k] +f[ ]
., 3
% s vad onsbly | £ {0 f o
- f(z) = tr(z), z € R™*"

A

E(xq) = 2o

(AR) = ) ttnR)  Erlolh ) try )

VV\‘;N\ trifB) o Lp.
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Affine Sets and Functions (2/3)

e Affine mapping: f(x) is an affine mapping of z if g(z) £ f(z) — f@) is a
linear mapping for some fixed xg

® Finite-dimension representation of affine function: f(r) = Az +0
1= too- e
® Homogeneous representation in R™:
f@=Ar+b & f@=A
——‘—v"\_\ﬂ
o A b | . x
WlthA—[ 0 1}@—{1

® linear and affine are often used interchangeably
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Affine Sets and Functions (3/3) e stA: {on =0

® Linear/affine sets: {z: f(x) < 0} for affine mapping f

-S : (\Q"—) R S ohleet set

- Line/hyperplane: aTz=0b
aT(-00) =0 = Ty- Ay,

- Half space: atz <b b
W) <2 =) alxcs oo, e
“—‘0\ €lR
7]
( Plk."

- Polyhedron: Hx <%

b =) [h:.:f]fx SH | Hxch
h

- For matrix variable X € R"
is a halfspace in R™"*"

Wei Zhang (SUSTech) 13 / 40
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(x) (x)20- Y%
Quadratic Sets and Func |ons fr 1

x= 'xf X 3%
%T/bc

® Quadratic functions (homogeneous form): f(z) =’ A \ ek &:[:'Y}Gltm
|

® Quadratic functions in R":(f(x) =(zT Az + Tz +
e (%) g (e
[i.)e*

) s pg.
‘E ) is ped _S:Q)-‘E"]T(A M
-Ae&w#ﬂ)>OVxe§1. wer PR’ e J
Pm.‘lwt JemiAG {oc);,?, Vxe) % "Y/_],:“ A

® Quadratic sets: {x :€ R" : f(z) < 0} for some quadratic function f

- e.g.: Ball: cp . 2
—N——
)= - % T 2
- eg.: Ellipsoid: Joom et <

T \; @cx) (% %) - pt
" -l
focere™: Qe P -0y € (3 St Cfidone elligemig

\)’
Pesy Gaussinn
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Linear (owbimntoon : , V. ol X oY,

Convex Set
® Convex Set: Aset Sis convex if _ _ yy+a.% o 022, avtes = |
7 ) K=, \
z1,22 €S = ax1+ (1 —a)re € S,Va € [0,1]
. A —~—
N/ Conviyx (Cowlginrtim 'f‘ X .,%,
® Convex combination of x1, ... xy:

{a1x1+a2x2+-~-+aka@k:ai >0, and Zai = 1}

2 S

® Convex hull: @6 {S} set of all convex combinations of points in@ ma)
we o

fone X
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Cone

® Aset Siscallgd a coneif A\ >0, z€S= Xz S.
,xv,\?‘

}_'( o nyn“pﬂ[/@ e
1 ]
® Conic combination of z; and To:

T =012 + Qg with oq, as >0

cone Co, -+ o) = [’ 2o} %%m

® Convex cone:
1. a cone that is_convex

2. equivalently, a set that contains all the conic combinations of points in the set
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Positive Semidefinite Cone ( PSo meT) S4

® The set of positive semidefinite matrices (i.e. S) is and is

referred to as the positive semidefinite (PSD) cone

Gi+ stk of Psp medreey Pick any AeS = AA o > yes:

9 SN s o Cne

Lon

b Gl max?
ll\‘z.k_: A) Esg:‘ dA""
® Recall that if A, B € 8%, then\(AB) >
is acute. N
<A B> = r(AT8) = 4r(Ag)

——
>0

/ This indicates that the cone S

“QX:@;Q\‘ () ¥BX >
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Operations that Preserve Convexity (1/1)

® |ntersection of possibly infinite number of convex sets:

. b
/7 Ol o< by 9 a..] e [:H
- e.g.: polyhedron: adxch ar b

- e.g.: PSD cone: X o, -\fO()__ {-f"‘) ! 'x"Xj
—f(x) is odjtiqc
o Affine mapping f : R® — R™ (i.e. f(z) = Az +b)
- is convex whenever X C R" is convex

e g EMpsoid: 1 = {z € R™: (z — x.)" P(z — x.) < 1} or equivalently
By ={zc+Au:|jull2 <1} pall: foxefe: Ixi*<(}

Pejne fore pf ey S a4 €,
- YY) ={z €R™: f(x) € Y} is convex whenever Y C R™ is convex
eg.: {Az <b} = f~H(R%), where R is nonnegative orthant

@
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Convex Function

Consider a finite dimensional vector space X. Let D C X be convex.
Definition 1 (Convex Function).

A function f: D — R is caIIec; cc(mvex I.d"j cmviX

flazy + (1 = a)ws)(Saf(@1) + (L= a)f(w2), Yar, 2 € D,Va € [0, 1

® f:D — Ris called strictly convex if
flazy + (1 — a)zs) < af(z1) + (1 — a) f(z2), Vo1 # 22 € D,Va € [0, 1]

® {:D — Ris called concave if —f is convex ZQ\

Sets and Functions
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How to Check a Function is Convex?

® Directly use definition

® First-order condition: If f is differentiable over an open set that contains D,
then f is convex over D

f(2) 2 f(2) + Vf(2)" (2 — 2),Va,2 € D

Tr?/( ~ @\armsrm N %

® Second-order condition: Suppose f is twicely differentipble over an open set
that contains D, then f is convex over D iff

V2f(z) =0, VYreD

® Many other conditions, tricks,...
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Examples of Convex Functions

® |n general, affine functions are both convex and concave
-eg: f(x)=aTx+b, forzcR"

- e.g. f(X) = tT(ATX) + c= Zz’il ?:1 AUXU + c, fOI’ X c R"LXTL
__—

® Quadratic functions: f(z) :{ TQx + bz + cis convex iff Q = 0

. c. s :)\.4(“6-‘
Vaflxr [“y‘h = ). q d orter LrnE
® All norms are convex
-eg inR™ f(z)=|zl, = (X, |xi\p)l/p; f(x) = ||z]|oc = maxy |z
KNG = |l + (g~ +(og, |

. mXn, — =
- eg in R™: f(X) = || X2 = omax(X) N Mgy =

max x|
Wuzag‘\——qﬁ e
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Outline ~ Affve wappiyy o4 coun fon o5 cote
'j:‘x) Ty ComAx - E(X]é Otfi)’)“lo 3 also o,
Fiea R
- Po?.*w:se_ WAGXI paiai gj\ C(mvex -fuu( 5 (omVex
;u“;es(_ 'f(m -f,,\x) , 50()2 max {ﬁxm, foto) s Cgy
OMWX t‘sbnvz)t

. S N\
e Short Introduction to Optimization ‘ﬁ“" N

e -f()c,-e) 'S Convex o am o€ b)

e \X) = max ‘ftv ) is tmuex
0€ i)

) ‘f‘x =0tk =9 Jw= <mo\x ox+h )

N . . I"J
_’Y‘. PO\"*WI‘( mMni Ml m .T omcave (S oomcave
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Nonlinear Optimization Problems
Nonlinear Optimization:

minimize:

subject to: '.nzalunl.‘ they

qu;ﬁ‘f’“j

n
C= ke freeo, by
® decision variable z € R", domain D, referred to as primal problem | «; -, "b

optimal value

is called a convex optimization problem if fy,..., f,, are convex and
hi,...,hq are affine

typically convex optimization can be solved efficiently
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Nonlinear Optimization Problems

= (ateqovieg :
\wd"ve fanc. Con stmint wl-/ﬁnc_
. e
Yinear /attine Lintav /affine =) Uirewr rognm 49
—_ . Vam/
- Quadratx (cmvex) Linewr /Atht D Quedrat Prs b
~ Ouadiotr (cn.vcx) Qundrst. = Qc¢ &/’

19““(,.4.}:.[9 Constmibed
> ?andm{n /”'J""'.

howe 4« stve
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s ~f.\.4 oy{.‘m( 5w " fk)
<
v or'h‘fha[j-k\j Cﬂ\df-ﬁq ’Fr\ Ui (‘ﬂfh’at.d q;ﬂyu iihf-\o\.\

e " i leal Aytimizen &

l ¢4 pwk T, b L

X1 ) f?’;' S0 y\([‘gzj
EC >

For conax| problem , conlitin Q) >4 “"-‘(Z 1
Shkraﬂzs 9(" s h\qu,L M{A?M\u/‘ -

Buestio ? \.,.)ﬂadt alput M Gtrod nef T?mm\m 2

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Lagrangian A= [)._“ ] v-,['_.’v' )

An
Associated Lagrangian: L:D x R™ x R? — R t
N ’VT/l
m q
e
L(z,\,v) = fo(x) + Z)\- (x) + Z ihi(2))
- i=1 i=1

® weighted sum of objective and constraints functions T’f O\ V)oln(

fa sible | Aiz2s,

X 13 /V;/m.( 1{&5-“((
(/l-(- 7(,:'('!() S, A,-/x):g

Hom L%, v) gi{;}

® )\;: Lagrangian multiplier associated with f;(z) <0
’HluﬂN AN Zo _Va

® y;: Lagrangian multiplier associated with h;(z) =0

e yi,lu,irﬂlmd/\?/,‘

gl

RL(M )

Lexa
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Lagrange Dual Problems (1/2) i iy

Lagrange dual function: g : R™ x R?:— R .
M O Lox Av) s affine

Q) e

is afu“ -j- MuL"(\'? iers m
\W) + ) Aifi(z) il
Tt fre Ak i, e —l =l

Ptwiac wos -4

(l7o]m, can be —oo for some A, v CONCAVE  i5 Comcavy

¢27 ®* Lower bound property: If A = 0 (elementwise), then g(\,v) g
w{‘ LL Mqume asclle rima( mr?r.hlg and )\>,a
Fid <o, h\:](?f) =0

T2, m 9C1.- q

]
Q

Pontuise mia

"’" L(‘x,),v)

ffﬂ‘ﬂ!g (/ ?’2”1(

D W02 LEAD 2 M Lo ) 2 Oy

xeD
3 . ~
=) = WA '-f \xX) z
)’] ';)\C‘fm;am: = uaV)
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Lagrange Dual Problems (2/2) ”%um 7/rim"7ﬁr-'~| prblem

Lagrange Dual Problem: /)

ewg J)* {maxi}m\i/ze:@ ) ( M’y (.—aV‘N))

subjegt too Ax=0 Sulyd N
:') A‘ki ]?h k) A Lo

® Find the best lower bound on p* using the Lagrange dual function

® a3 convex optimization problem even when the primal is nonconvex
. w X .
® optimal value denoted d &. = ;]"

® (\,v) is called dual feasible if A = 0 and (\,v) € dom(g)

—

Often simplified by making the implicit constrain{ (\, v) € dom(g))explicit
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Duality Theorems

e Weak Duality: d* < p*

- always hold (for convex and nonconvex problems)
PN L—

- can be used to find nontrivial lower bounds for difficult problems

® Strong Duality: d* = p*

- not true in general, but typically holds for convex problems

- conditions that guarantee strong duality in convex problems are called constraint
o pr . L e —
qualifications
qualiica’!

- Slater’s constraint qualification: Primal is strictly feasible

Ve 3N suck bt T (@) ce | hiK)=0
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General Optimality Conditions (1/3)

For general optimization problem:

minimize:  fo(z)
subject to:  fi(z) <0,i=1,...m
hi(z)=0,i=1,...,q

General optimality condition:

strong duality and (z*, \*,v*) is primal-dual optimal <

® x* = argmin, L(z, \*,v*) (Lagrange optimality)
el P

T0) <o, 2 acso
A fi(x*) = 0 for all 4 _["f > A (Complementarity)

[ ]

() =- DM 30
® fi(x*) <0 h;(z*) =0, forall 4, (primal feasibility)
e\ >0 foralls (dual feasibility)
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General Optimality Conditions (2/3)

Proof of Necessity
® Assume z* and (A arecp'{irl}_%l—éj#aalgoeﬁwal slns with zero duality gap,
LY §

) -

7= L) S g )= ol
= mm (fo () + Z)\ffl(x) + Zl/;-‘hj(w)\’

; j VA

min LL(X,\)“,\/S
X i
D+ A file +ZV hi(2™) = | (a5, 0%)
—_—

< fo(z
( ——
)S fo(x*) . )\7,0’ L";a)

S u,xv/ .AkJ vk)

® Therefore, all inequalities are actually equalities
® Replacing the first inequality with equality = z* = argmin L(z, \*, v*)
® Replacing the second inequality with equality = complementarity condition
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General Optimality Conditions (3/3)

Proof of Sufficiency

® Assume (z*, \*,v*) satisfies the optimality conditions:
g V) = f@) + DN Fila) + Y vihy(a”)
i J
= f(a")

® The first equality is by Lagrange optimality, and the 2nd equality is due to
complementarity

® Therefore, the duality gap is zero, and (z*, \*,v*) is the primal dual optimal
solution
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KKT Conditions

For convex optimization problem:

minimize:  fo(z)

subject to:  f;(x) <0,i=1,...m

Suppose duality gap is zero, then (z*, A*, v*) is primal-dual optimal if and only if
it satisfies the Karush-Kuhn-Tucker (KKT) conditions

. gi (x,\*,v*) =0 (Stationarity)
® X\ fi(z*) =0 for all 4 (Complementarity)
® fi(xz*) <0 hj(z*) =0, for all i, j (primal feasibility)
e\ >0foralls (dual feasibility)
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Linear Program: Primal and Dual Formulations

A T acelr?
minimize: cC T

® Primal Formulation: < subject to: Az =) Lepetioy emmmiiat meaten

>0 n- .‘uzun\luj vomsbra e
Nizo, %25 2>
Q’“‘“’ T, =M% S
Vican-y)
W) = 14 (x A
=2 o= ]f Lx,0) (;e‘tf@r—)ﬁ VTA,)'X-VTLJ
if & et V4 +: Vi 40

N
\fS\ =0

10‘5"""1:’" . L('x,)\,\/)z ™ 'l-AT( 'X) 4

maximize:

® Its Dual:{ .
subject to:
i - q'— I/D-V“la.ud;

- eqﬂtud‘w:] cOnstign b
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Unconstrained Quadratic Program: Least Squares

® minimize: J(z) = %xTQx +q¢Tz+qo /\
® Problem is convex iff ) = 0

1
® When J is convex, it can be written as: J(x) = [|Q2x — y|* + ¢

KKT condition: :) Amlﬁ'ﬁ(ﬂl S\lut‘"l

Optimal solution:

Quadratic Program Advanced Control for Robotics Wei Zhang (SUSTech) 36 / 40























































































Equality Constrained Quadratic Program

min, J(z)=2TQx+¢" 2z + qo

® Standard form: )
subject to: Hx=h

® The problem is convex if ) = 0
o KKT ition: \
Condition _3 ﬁ'\‘bj‘t' h( §=(«+-‘4

® Optimal Solution:

Quadratic Program Advanced Control for Robotics Wei Zhang (SUSTech)

37 /40








































































General Quadratic Program

minimize:  J(2) = 27Qx + ¢Tz + qo

® Standard form: )
subject to: Az <b

® Dual problem:

N'\AW\&\/\‘(Q(/ acthve sk _ ateriov ])vhl/('
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