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Outline

Basic Linear Control Design

Motion Control Problems

e Motion Control with Velocity/Acceleration as Input

Motion Control with Torque as Input and Task Space Inverse Dynamics
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Error Response
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Standard Second-Order Systems ~ H&) = T@_L._

Oelt) + 26nlel) + (1) =

ydod obe
yati0
® ¢: damping ratien, w,: natural frequency Omd«ﬂfco( (ase
® Underdamped: 5<| Bl = éSu.i- Cmugt af
+( smw v oV rdarn.p.ed
Wi = W |- ex ") critically damped

® Critically damped: 1 .]' \

=1, Y'-lkﬂ\'(d\ -les 0

F underdamped

® QOverdamped: L

1, elor= (& ¢ o™t
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Second-Order Response Characteristics ( §< )

Im(s) Tm(s) Im(s) increasing Im(s)
overshoot,
oscillation, T
$9 S1 51,2 = ‘ ‘rl' ,M(
: Re(s)
-~ -~ Re(s) Re(s) —Cwy | Re(s) | —
1/t =1/t —Wn " shorter unstable

X

foa= mfuerg un g
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State-Space Controller Design (1/2)

® Linear Control Systems: @ = Ax + Bu, y = Cx + Du
“Rugalttn pablem : wevmue wast ) 30 . g o
Tkl problem . X@)= % -0¢), we wortt Qth-So

® Linear Control Law: v = —Kx

—— = W o
Yl %w ia i_l
Closed-loop Dynamics:
*= hx B (k) :

% = Al AcL

Solution of CL-Dynamics:

o At
L A0
C S A
losed-loop Stability condition: WL Wowt HQ((&)“ Se /

ve wed  e9(Aa) ¢ pLip 7
7
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State-Space Controller Design (2/2)
® Eigenvalue assignment: F(Iw(_ coifial 561"'\ I such that

BLA BE) = i
® Solvability: g o 4_[,,/7, 7[,\,( such k |\f (A, k) -kj

ormtrelafle (_ Yank (Mg) =n)
® How to choose desired eigs?: V‘j’"‘ 0 }"‘me 5\7)-}”,

148

5}5(,.‘]’-.‘(4}” Tj—; Lo ant [
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¢ LQR W2 o > Ve S k
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Robot Motion Control Problems (1/1) é_{g Pt

® Dynamic equation of fully-actuated robot (without external force):
1
{; - Zg)qg i(tb Di+9@)+ T . 1)
e -Jc]%

® g € R™: joint positions (generalized coordinate)
® 7 ¢ R™: joint torque (generalized input)

® y: output (variable to be controlled) (an be O"C] fw\( rj- 1

ej_ =4, a.,T[U ¢ SH5)

Motion Control Problems: Let y track given reference y4
£nv

= o AT T Dy
(aMnk
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Variations in Robot Motion Control *ft¥ss 4 is gim by plamen
7@1\"9"""& l“a “}-lﬂh’mh‘;.:yo et

® Joint-space vs. Task-space control:

: : , ks eaniy
- Joint-space: y(t) = g(t), i.e., want ¢(t) to track a given g4(t) joint reference
AAAAA— C’\f}ba ’b"'a?nd

- Task-space: y(¢)

= T(q(t)) denotes end:gffector pose/configuration, we want
y(t) to track ya(t)

N eses)

® Actuation models:
- Velocity source: u = ¢ J.nLd:ln emtrol \,L(v(_.‘-ql w [ewt) 3
E d 3 <
R (Eil

- Acceleration sources: u = § J.imdq(n el mCC’ “q
Actueting model waky
- Torque sources: u =T o{\wo{—ﬁ | -(:rzw ( Sthse '-‘j- —ﬁva\wj Hen
v /‘u"f. \7)034;(- w(,c,‘P f

w

Con \'«\»\CM:a‘(-‘j Yeae
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e Motion Control with Velocity/Acceleration as Input
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Velocity-Resolved Control

—
® Each joints' velocity ¢; can be directly controlled

® Good approximation for hydraulic actuators

® Common approximation of the outer-loop control for the Inner/outer loop

control setup [ineawr Y[ stn
"_Tﬂf\({ } ‘/ , J

ne 1=«
— .
44= Y]
=™

g;y[e ;r‘fjﬂw
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Velocity-Resolved Joint Space Control

W ...
® Joint-space “dynamics”: single integraV Ld @

i=@) - -

® Joint-space tracking becomes standard linear tracking control problem:

u=di+Kog =q+KoG=0
AN —

where ¢ = g4 — q is the joint position error.
A \ . e
i Lt k9 D

® The error dynamic is stable if — K is Hurwitz

C,mman Clqode :

k’ = k&'b)l—
T kg
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Velocity-Resolved Task-Space Control (1/3)

uwte j oo +=T%
® For task space control, y = ( ) needs to track Yd ‘i Yokt 7(02)

- y can be any function of g, in particular, it can represents position and/or the

end-effector frame ~
X;‘j’\k« w)

® Taking derivatives of y, and letting u = ¢, we have Ts this sk ape madli

. > L
=3 @L == Ja<q>ur~—r @°

- =
U =\
- Note that ¢ is function of y through inverse linematics.

1= 1Ky oo

- So the above dynamics can be written in terms of y and u only. The detailed

form can be quite complex in general (.D\‘ p -
FTRIE w - @ 0@ T 1.0

Vo & victun( conta ) averkibly

Resolved Case Advanced Control for Robotics Wei Zhang (SUSTech) 14 /28










































































































































































































































































































































































































































































































































































































































Qo.

))\\/QJQ g Conquer l(')-“- J_;L(Itaj)j\'\.

@LUL- vy Ve virtwd ot L Y=V

Ol%\\y/l \/a_ . track Yy (some ws profees  case )

@ Tk acel bl W cudh bt TA(I\C%DW%

LG.L Sone Corvinder V-g | U= q:o rolz,o-k-
—2| as \)m/\'ow (ol = Ta-'(J) |<1 — T
(.

Y


































































































































































































































































































































































































































































































































































































































































































































— —

e VRN

— WL (on 0‘65\\51/\ O"v'Lﬁf“LWJ) contieller as tj We  om o{irwﬂb et U
- plsin kL .
%= Gt kG- —3 ¥ = kg
Wt ca  celeck K such bt —< g |harteiz
0\0\-)\@‘1’7\/4 ’j- S Ani L«s\r N MUH‘/rM-V\;L L/L:i suc +hat U% (/3

W, (o leb ‘(;j: 3}1(‘(1)% = U= 3‘:(25 V&

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































Velocity-Resolved Task-Space Control (2/3)

® System (2) is nonlinear system, a common way is to break it into inner-outer
loop, where the outer loop directly control velocity of y, and the inner loop
tries to find u to generate desired task space velocity

® OQuter loop: y = v,, where control v, = g4 + Ko, resulting in task-space
closed-loop error dynamics:
y+ Kog=0

® Above task space tracking relies on a fictitious control vy, i.e., it assumes g
can be arbitrarily controlled by selecting appropriate u = ¢, which is true if
J, is full-row rank.
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Velocity-Resolved Task-Space Control (3/3)

® Inner loop: Given v, from the outer loop, find the joint velocity control by
solving T

{ min, [[v, — Ju(q)ul|* + regularization term 3)
subj. to: Constraints on u 125 A U s‘w

1’»}'\51“' uet ¢ {Mn

® Inner-loop is essentially a differential IK controller

® One can also use the pseudo-inverse control u = Jjv,
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Acceleration-Resolved Control in Joint Space&) ,\;‘nw 5
™
e Joint acceleration can be directly controlled, resulting in double-integrator

dynamics ¢ wont e (Al ‘i for 1
G o— W 2(L7
Giam 9y rfrme, 957 4= bl Latiglate)
® Joint-space tracking becomes standard Imear@cking control problem for
double-integrator system: ints ®\ (‘L’Y("L[
+

u =\Gg + K1G+ Kog :q—i—Klq—i—KO@ J’
i M‘f/ﬁL
Where =949 is the joint position error. A
v KZ . Al
o Stability condition: | = (:q,] et M [‘)
; 7 -~ .
q _bl -k ’4‘
1 A T -~
([wed —LvT -;yﬂm s stable S o
’f ers(a) « OLAP M= A

o § Hur w?,h
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Acceleration-Resolved Control in Task Space 1/2)
} G=,
® For task space control, y = T(q) needs to track yd

Fr g=f@ 3 Ess)
® Note: y:Ja( )¢ and jj:ja( )+ Ja(q u 44444 \T(;)SFJ)
5= R4 T € utier dprens F

discussed before
we Com des-‘m m‘fmﬂtr-[?r 41
R NP
being the outer-loop control Trput
"l ' = * ~
ol
v‘f“‘o‘ PD M‘b"r ~ sf-& i

® Following the same |nner—outer loop strateg
—Titroduce vietnal Ontnl a(a such Hwt 3

‘Innlf—b']’, thog W Y”"“‘z 8%47
¢ Quter-loop dynamics: §j = a,, with a,

Pwral,
lc- ‘lr.,
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Acceleration-Resolved Control in Task Space (2/2)

¢ Inner-loop: Given a, from outer loop, find the “best” joint acceleration: .
fown ﬂ;ﬂﬂ'h-}v =Y

min, ||la, — (q)q —@(q) + regularization term
. e .,Jx;qmi-"'- varlaple (4)
subj. to: Constraints on u Y~ )
- i , knownm
A . @s US qum, ’f"""‘ He maded
i wl : ‘{.u. € hat € ﬂ....,,,»

N bown ot ot img

® Mathematically, the above problem is the same as the Differential IK problem

® At any given time, g, ¢ can be measured, and then y and 3 can be computed,
which allows us to compute outer loop control a, and inter loop control u
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Outline

e Motion Control with Torque as Input and Task Space Inverse Dynamics
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Recall Properties of Robot Dynamics

For fully actuated robot:

7=M(q)i+Cla,d)q+9g(a) (5)
A A
Wp =27y 7

® M(q) e R™*™ =0 T ) .
UMN(g) 950, vqts
® There are many valid definitions of C(q, ¢), typical choice for C' include:

Cij =

21[61\4, oMy My,
Aqr dq; 9q;

For the above defined C, we h is skew symmetric

For all valid C, we have

® These properties play important role in designing motion controller
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o <o desiyn- Contrller
Computed Torque Control (1/2) l': tnﬁlw wA S\D’_YE,_:I_?

® For fully-actuated robot, we have M(q) > 0 and ¢ can be arbitrarily specified
through torque control u = 7 Mowy - ? ii:t i’”‘“ 3 3,
G=M"(q)[u—C(a:9)q — 9(q)]

® Thus, for fully-actuated robot, torque controlled case can be reduced to the
acceleration-resolved case

® Outer loop: ¢ = a4 with joint acceleration as control input

=G+ Kig+Koqg = q+Kig+KoG=0

RS o X (Fmgs Y ges

® Inner loop: since M(q) is/square and nonsingular, inner loop control u can be
found analytically:

(6)

u=M(q) (§a+ K1q + Koq) + C(q,4)d + g(q)
L’N.a—-—-—)
Aq
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Computed Torque Control (2/2) T Mi+c =y

The control law (6) is a function of ¢, ¢ and the reference gq4. It is called
computed-torque control.

The control law also relies on system model M, C, g, if these model

information are not accurate, the control will not perform well, Ay ¢
n__sl(‘t') NI (“)14-(-\] {‘t)M (" g)

Idea easily extends to task space: § = J,(q)¢ and §j = Ju(q)¢ + Ja(q @

. o ~ h‘=z
Outer Ioop:and ay = Giqg + K19 + Koy i- M_,(“_ c'j7

Inner loop: selec
—_—_

orque control u = 7 by

miny, ||a, f(J.a(j — J M u—Cjq—g)? @)
subj. to

constraints \7

If J, is invertible and we don't impose additional torque constraints,

analytical control law can be easily obtained. = N
t\—- an—:ﬁ"‘ el )
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Inverse Dynamics Control (1/2)

® The computed-torque controller in (6) is also called inverse dynamics control

W )’lw

given T to compute ¢

® Forward dynamics:

Fo: —fm\h?u s metion i

® |nverse dynamics%ven desired acceleration a4, we inverted it to find the
required control by u = Ma, +Cq+g

—_—

® Task space case can be viewed as inverting the task space dynamics
Given By P T s et g
9 g tack, SPace. =5fTsto = d
® With recent advances in optimization, it is often preferred to do ID with
quadratic program

v
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Inverse Dynamics Control (2/2)

® For example, Eq (7) can be viewed as task-space ID. We can incorporate

torque contraints explicitly as follows: {
miny [lay — Jod — JNIH(u = O — g)l|? ®)
subj. to: u_ <u <L uy g —

',)I{imizd-}m wwinbld  wep” h /\
Tsip

® This is equivalent to the following more popular form:

art voriable
w4 cip"
er

min llay — .aq. - Jaij“Q"“

g

subj. to: Mi+Ci+g=u 9)
~

u_ <u < uy
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