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Motivation

® Optimization is arguably the most important tool for modern engineering

® Robotics
@Differential Inverse Kinematics <
- Dynamics ABA & L8Rk
- Motion planning
@— Whole-body control: formulated as a quadratic program
'SLAM:
- Perception
® Machine Learning

- Linear regression
- Support vector machine:

- Deep learning miniwize loss” fwc.
® other domains

O- Check system stapiliy: SDP

- Compressive sensing
- Fourier transform: least square problem

® Roughly speaking, most engineering problems (finding a better design, ensure
certain properties of the solution, develop an algorithm), can be formulated
as optimization/optimal control problems.
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Real Symmetric Matrices

® S™: set of real symmetric matrices in |R"

\\ mw\n A 68" ’ @ AT: A
'J'hAII eigenvalues are real ( d”’j’""'tz“ue)
noms Mulgy
Zi

AES”  A=TATT
L

® There exists a full set of orthogonal eigenvectors

)

. “SQectra/ decomposition;l If A€ S™, then A =QAQ"', where A diagonal and
}'6 (2 is unitary.

v
LU g s witer) Bga1) v’r
DR

.I . - o
()2‘{1,1"” "qn‘) :> %’:'Lj :[ | o >%{2\Mm~(
1; ) Ia'zﬂltm Oj— ] 9 DHW‘W\‘)C. 7
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Positive Semidefinite Matrices (1/3)

o Ac S"iscalled positive semidefinite (p.s.d.), denoted by A = 0, if
! Ax >0, Vr € R™

o Ac S"is called positive definite (p.d.), denoted by A@if vt Ax > 0 for

all nonzero £ € R™

® S%: set of all p.s.d. (symmetric) matrices
® ST : set of all p.d. (symmetric) matrices

atrices can also be defined for non-symmetric matrices.
<2
X (‘ :J X= ’XwL-GQ(L'z'
N\~

® \We assume p.s.d. and p.d. are symmetric (unless otherwise noted)

00( Notation: A = B (resp. A= B ) means A — B € S} (resp. A—-BcS".)
el n 7 4 pshe bt AR
‘Pl ovder on §° @ 4 prssiie ¢ PEE AER
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Positive Semidefinite Matrices (2/3)

® Other equivalent definitions for symmetric p.s.d. matrices:

- All 2™ — 1 principal minors of A are nonnegative
- All eigs of A are nonnegative
N AN

- There exists a factorization A = B' B
O ——N—N_ s

® Other equivalent definitions for p.d. matrices:

. . . . \—_\ . .
- All n leading principal minors of A are positive .
Jo /\? ‘

- All eigs of A are strictly positive /\_ 2
- L
) Y 7 [0 4:‘ ? 2’1[ }

ith B square and nonsmguIaL

P.

QN el = B 2
)chhwluﬂ B= /\5 &T
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Positive Semidefinite Matrices (3/3)

® Useful facts: P.0.
- IfI nonsingular, A > 0 &< TTAT - 0:and A= 0= THYAT = 0
N~ " ) \l . C > SM
ﬂ(%ﬂfé‘ weed €0 Real : TAT™ : sm ur.-l::) fwns]‘wuo\f’-‘m {-j
WTW\? 'rTAT ’ ('thn(n“‘ ’emeMﬂﬁ‘ﬂ‘ﬂ) S‘f‘f
ot nmriont
- Inner product on R™*™: < A, B >2 tr(A'B) £ Ae B. under omqruest

xn T ™m -
v, AeR™" bei” +r(AB) Q s < s 3{), Lrans Mt
14 Je

Aﬂalﬁ beromes between f, B 071 = <AJB>_Y

AL S 4 (4B) =0
A, 3 97IAM , shmmefﬂ‘c . p-SD {

- r(4%B) 50 =D amtke
ABS= trf'e) = +r (AB) 7:) Pl
4

Hw
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Positive Semidefinite Matrices (4/1)
¢

- For any symmetric A € S,

Amin(A) > p< A= pl  and  Apax(A) < B A=<p1

ot Ae S A-ML 5o
=) A:@/\ ar, ’fwmihﬁ B
A-ur =0(A -pL) QT
N

A<Ml 20 & N-MIso

@ Nutia U‘\) Z M
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Affine Sets and Functions (1/3) @t fog= ¢

® Linear mapping: f(x +vy) = f(z)+ f(y) and f(ax) = a=%, for any z,y in
some vector space, and o € R L%,

Eoawmple s
_@: Az, 1 € RB' {1 c 50(3).{— (,L\ch fmo‘ff%-('.ms
Joce)= Alx<y) = Axting = @4 ty)
- flz] = [ x(7)dr, for all integrable function z(+)
S e o < 34D = S+ aeeydoke = o b + (o
- E(@{){Jection of a random variable/vector x = f@x} -(-f('?ﬁ
EQR f X fedec
- f(:c) =tr(x), v € R"*"

J('\(/«\"('\ﬁ)z —H‘(/\)f -br(ls) —H(&A): /eé{r(A)

min WX) <\
St - -
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Affine Sets and Functions (2/3)

* Affine mapping: f(x) is an affine mapping of z if g( ) = f(z) — f(xo) is a

linear mapping for some fixed x N

® Finite-dimension representation of affine function: f(x) = Ax b
N——————

6(9()'-'-1 Q"ﬁ"?"’f(o) = AXAb- L=4A4x

® Homogeneous representation in R™:

= s o (76 )
and=] 4 2] 67

® [inear and affine are often used interchangeably
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Affine Sets and Functions (3/1)

® Linear/affine sets: {x : f(x) < 0} for affine mapping f

N subleve( s¢t

X,
- Line/hyperplane: e’z =b = T~k =9
/hyperp i T Gy)ia
D AT (-96) =0 3 a‘m.@ 2>
o~
- Half space: a’x <b T T ,/
e Y S S ix ~a %o SO C:) <0!/ k“$7/> < )
m T
dK =2 HL ' -~ T ¢ i)
~ Polyhedron: Hy < h”" H [HJ ]-x.s R R (i
Ve a0 Y Z\—\l\w 4 .
NN v n H:lrn m &TQ{S k{
(<R oelR e~
l’l‘u“f Spa
- For matrix variable X € R™*" (1 for given constant matrix A € R™*"

is a_halfspace in R™*" T

)
C wnbunded (70‘0 h(/"'"l‘”ij

Sets and Functions Advanced Control for Robotics Wei Zhang (SUSTech) 13/ 39



Quadratic Sets and Functions ‘f‘{’gf(“‘"m:m

AN
————— L—

: : ' n. I T N »
® Quadratic functions in R \f(::c) =" Az + bz + cj ')c=[;r]g/( #)

. V’(Z;] , ‘f:(R""’@

® Quadratic functions (homogeneous form): f(x)

. s L psp.
- Ae St @]f(x) >0,Vxr € R
W
5‘(?6770) -frml’\ Xgo

LX) )tr =9
® Quadratic sets: {x :€ R™: f(x) < 0} for some quadratic function f

. . |

———

\ O]
_ . - 1. - T
- e.g.: Ellipsoid: §cw) = QWM’&)-\"“ <o
h. T
f’)(élg‘ Q\A’L} B (- %) N J \
n
Fe Sie
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Convex Set

® Convex Set: A set S is convex if M) e SEyMent sty in the Set

m r1,12 €S = ar1+ (1 —a)rs € 5, Vae|0,1]

"’:r (5 Ve
= BNt o0 | Oic(“olu ol Comtbnuctip,
a >,0 9} x‘ y

7<

onvex comb/natlon of x1,...,Tk:

Qa1T1 + aoxo + - - - + AT - q
" -fo('?(
‘tS ) {oé,%
N Eﬂ“l\(% ’) 3 p ’ i.[/% /lf $ ///

® Convex hull: co{S} set of all convex combinations of points in S
w —_— T —

T N —————————
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Cone

\
® Aset Sis IedaconeifA>O,a;€S@A:c€S.
i \ 7
A Sy/)\, \ 7 nt tonvex
® Conic combination of 1 and zs: 's & (N

r = o121 + asre with a1, a9 >0
. " Q§ g
me(o. - K= { Saw 1 ol 29§ \ ‘

® (Convex cone: 0

1. a cone that i1s convex

2. equivalently, a set that contains all the conic combinations of points in the set
— T T e T T e T e ———.
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Positive Semidefinite Cone Mt &=

® The set of positive semidefinite matrices (i.e. @ Is a convex cone and is
referred to as the positive semidefinite (PSD) cone @

n : pre :
Sk:oSet oo Pop zf\iS} ,:-9//165,0—;) AeSl)

33 defin:fim - ¢ ome
I k‘an‘: o <[5,
Sy BEESC dtegplsr PO
83 Mj'mrf‘m O‘S‘PSD , T(D(A'(‘(“v()(S)?( d@*(ﬁb(@Po

® Recall that if A, B € S, then tr(A 0. This |nd|catef that the cone S
Is acute. n oAt B Ll
Kk, N6lR lgta=| (@ QED

~ O(l ,Yl{- p(z Ao 2 l;‘\ec"" Conhynation

- ol +d. (XL, 0172, d 70, (NN (ombinatin

~ MGt ol %, d’ia’:% de:{ Convex m“"thﬁ\m ®
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Operations that Preserve Convexity (1/1)

® |ntersection of possibly infinite number of convex sets: (s ¢onvex

e~ T
H.?’XSK.
- e.g.: polyhedron: ! _} \\
A~ |
H}
- e.g.: PSD cone: /
P=*p>
o Affine mapping f: R” — R™ (i.e. f(x) = +b) PispD,
f(X)=Af(x) : x& X1} is convex whenever X C R" is convex
e.g.: Ellipsoid: = {x cER": (z—w NPz — x. <jor equivalently

@«%Jﬁ‘lu ||u||2@ \M( el XUt
Depve (0= Prg-n )\ E= (Bt

- Y)Y ={xeR": f( ) E Y} is convex whenever Y C R™ is convex
eg: {Azx <b} = f1 , where R’ is nonnegative orthant

@ﬁ'
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Convex Function
Consider a finite dimensional vector space X'. Let D C X be convex.

Definition 1 (Convex Function).

A function f : D @is called convex if

!

Flam + (1 - a)as) < af(wn) + (1 - @f(av;/, Var, 7> € D, Va € [0, 1]
x,-—-\\ri ——
Ola.‘«) \V/ \.—_/
® f:D—Ris caIIed"strictIy”convex if
flaxy + (1 —a)xs) < af(xy) + (1 — a)f(x2),Vry # x9 € D,Va € [0, 1]

® f:D — Ris called concave if —f is convex /_,\
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How to Check a Function i1s Convex?

® Directly use definition

® First-order condition: If f is differentiable over an open set that contains D,
then f is convex over D iff ﬁ"ﬂ 4, bove 72,)//m CelDueac| K

flzy > flx) + "(z—),Vz,2€D

W/

® Second-order condition: Suppose [ is twicely differentighbje over an open set

that contains D, then f is convex over D iff

V2f(x) =0, VrxeD
—

(on cave, Vz'f(oc) 20 , ¥Y«&Xe D

® Many other conditions, tricks
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Examples of Convex Functions

® |n general, affine functions are both convex and concave
- eg: f(x)=a"z+b, forzecR” sz“()\) _

G
-egr J(X) =tr(ATX) +e=31" 300 Ay Xij e, for X e R™XT
L™ > salan /ot fne of X Qb)) X
® Quadratic functions: f(z) = xT +b"2 + cis convex iff Q = 0
utStAg 2L evyer oow\ol“h'\nL fxz[’f\ i
i SO 3

th\ \x
® All norms are convex

- eg inR™: f(z) = [lall, = (X0, =) f@

II’X”| = l')(c"(' ,'X-,,l-f-. ¢ 'Xn|
g in R™ F(X) = | X]a = omax(X)

~———— (X[ = Mo | % |

= ||zlloc = maxy [z

—

KA, = e - X
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-~ Pvﬁ?ne Wopp - emutx JunC s st convex

(e o e =5 gop L 2foo+l 0 olso cavex
w4

o
- I&“JWBC WG o4 convex —func \sm

Sufpos F, F ) a5 a(x)?—"mxlriﬁm, fz,(x)j
b&)c)
A ’fu(’() ~ -ehwg M ombex

,5‘«) \

su‘?p%('j"(ﬁ!)e) S (mvex Hore Gadt B €M)

Yhen 46) = wmax —S(x}o) Lon\/ex
QGUJ‘-]

2

¢4 -j'-(x;@): ently, O D(x): WX gxth
e ~ &EC1e]

N ‘
= Pintwse minimum of- omeowt furc 5 concave

S506= min 8%tb 5 concave
D—GD,LJ
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Nonlinear Optimization Problems

o\ n
Nonlinear Optimization: py: ma\ \muem = [%J EIR

minimize: (0(:17) t5t func . j‘-‘lleL)IR onstmr set
A
hi (

subject to: ) <0,i=1,. j [’)
_O 1=1,. 'Ke'(k’. .S\x)co"/“

- P K €D

77 ) hy ) =0, %=1 q
® decision variable @6 R™, domain D, referred to as primal problem
o~~~
‘S‘ ‘)(eC ) +Hhom

® optimal value p* X s called

AN

-S(aS"ol(

® is called a convex optimization problem if fy,..., f,,, are convex and

hi,...,hq are affine A weans - olojcc‘dfe e _S; ¢ eomvex

omd. (msPraint gt s CNvex
® typically convex optimization can be solved efficiently
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Nonlinear Optimization Problems
- kaa.«?(; :
\9\55&:('?@ —fny.( Comstrepnt ;at-/fﬁmg
Lineny /OH‘M Lineer / ol — Ynep Projum ((P)

Quadnve (o) Lvasr [ofShE > Quadrts Pragrae (69

L Quad rertr (nven) 1M0ldm‘f:\g —>,
—— quad itz omstrameof

Quaolraty reqrim

> (an be ‘ﬁ'\“""‘ﬁ

<colreo
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— Rew o finod ptwd L sln ?

QY oulition s unconstmved prblem s Cyenennd

ot \ ‘L
|7 _ardey o\?‘cwdtﬁ conlitim - X (oca( minimizgp

elR” ) s
o (e, o[ T,

| Ta)llm cx'?e.ns»\m: "F(K) = ‘g(‘\f')‘% (Vjc(x"DT (- ’YJH‘“-QT.

x"

\‘:rr convex ‘Mlolem /i'rnoln‘-é.‘m @ avatys K f)li’é«( Wil i mizgy,

—_

(Lo:/w(:w Witok At~ Constryging

4.
\/ Optimizativ, 1

y

e —



Lagrangian

Associated Lagrangian: L : D x R™ x R? — R

Lz, \,v) = @fz Vihi(ﬂf) ,

A’S“’“‘"’ Fonc - R Mz o we
® weighted sum of objective and constraints functions

® )\;: Lagrangian multiplier associated with f;(x) <0

® (v;) Lagrangian multiplier associated with h;(x) = 0
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Lagrange Dual Problems (1/2) ‘?(DL(fx WYY TS agfes
') v 4 U

Lagrange dual function: ¢ : R™ x R? :— R AW
‘\Vb\’\ ds'_‘_
Qathy o
g(\,v) = inf L(x, \,v) @Pﬂiﬂ’rwy_ "
(é% *oooeeDby N q gl ”j‘f"’e (Concowe)
S oapmc o gy folx)+  Aifile) +  vihi(x) e
g multipliors zeD i q -
, (A, y) Dv“”'hﬂs __brue (VLM(&SJ Wk“&&f' e ph 'Wi ,'aWLlJn,
!y is concave/ can be —oo for some A, v 'S fwvtx oy hit )
/
g .
Z e Lower bound property: If X\ = 0 (elementwise), then g v) <

1 29, J\'L>I CAMmY?

\et X W owamma ‘gzﬂsw‘ol{, ]Zi:"““( W\n\abu Mw( N 50
4} (%)co, he(=0

gf LA, v) | = J0L,v)

% Y“M (q 2 ,V
ke Wf*bﬁ” ) 3%
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Lagrange Dual Problems (2/1)

Lagrange Dual Problem:

(

maX|m|ze g\, v

subject to )\ =0
.’\M
vV etk

® Find the best lower bound on p* using the Lagrange dual function

®¥"3 convex optimization problem even when the primal is nonconvex
_——TNTTN NN N

® optimal value denoted @

® (), v) is called dual feasible if ) z&nd (A, v) € dom(g)

® Often simplified by making the implicit constrain@é @ explicit
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Duality Theorems

¢ Weak Duality: d* g‘
always hold/(for convex and nonconvex problems)

- can be used to find nontrivial lower bounds for difficult problems

o IStrong Duality: d* = p* \‘_

- not true in general, but typically holds for convex problems
—— T s

- conditions that guarantee strong duality in convex problems are called constraint
qualifications

- Slater’s constraint qualification: Primal is strictly feasible

AR skl ’f«'@f)W, h(x)=9
1
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General Optimality Conditions (1/3)

For general optimization problem:

minimize:

subject to:

General optimality condition:

S E——
(strong duality and (z*, \*, v*) is primal-dual optimal/=

® ¥ = aurgmmaj (z, A*, V") , (Lagrange optimality)

CAAN) anb —

* \fi(x L 0 for all 4 0 r {mj (Complementarity)
A1 Y9, £ (E)=0

® fi(z*) <0 hy( or all i, (primal feasibility)

—~ & \* >0 for all ¢ T (dual feasibility)
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General Optimality Conditions (2/3)

Proof of Necessity

® Assume x* and (\*, ") acﬁe primal-dual optimal slns W|th(’zero duality gap,)
q)‘

fo(z™) = g()\jé—_)// Lo NS V)

- ~—"" T 1

in  fo(x)+ A fi(x) + vih;i(x
Guisovry) - HE T T
SN

< LA < fo(z®)+ N filz")+  vih;(z")
W .7 .
< fo(ﬂf*) /\,\ 29 Jm( 'fem»/oll

{ ,ﬁ()() <9 fr‘lm«(fkjaél(

® Therefore, all inequalities are actually equalltles
—

W

® Replacing the first inequality with equality %b: argmin_L(x, \*, v*)

D

® Replacing the second inequality with equality = complementarity condition

—
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General Optimality Conditions (3/1)

Proof of Sufficiency

® Assume (z*, \*, ") satisfies the optimality conditions:

, 2o (prims(
J & g\ vt) = fx)+ A filx")+ vil(aT) feas,u( )
min \..(xz)\v—vk) ’L ’
* [@) = p
® The first equality is by Lagrange optimality, and the 2nd equality is due to
complementarity — -

® Therefore, the duality gap is zero, and (z*, \*, v*) is the primal dual optimal
solution
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KKT Conditions

For convex optimization problem:

minimize:  fo(x)
subject to:  fi(z) <0,i=1,...m
' hi(z) =0,i=1,...,q

Suppose duality gap is zero, then (x*, \*,

v*) is primal-dual optimal if and only if

it satisfies the Karush-Kuhn-Tucker (KKT) conditions

o ‘g—i’(a:,)\*,y)

® \* >0 forall %

) 0 con e,
0¥ g & priaal oom xﬁ? (Stationarity

® M fi(x*) =0 for all ¢
® fi(x*) <0 h;(z*)=0, forall 4,3

(Complementarity

(primal feasibility

)
)
)
)

(dual feaS|b|I|ty
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Linear Program: Primal and Dual Formulations

L - m»w
| | m|n.|m|z?e(. c'x 1- equality emetrms
® Primal Formulation: subject to: Ax =10 W — i10aalifies

x>0, %22 . X320 (—-’X}éo

\_Aﬁmngt‘w ’fu.h(,: L(}X,/\ M= LTy +~)\7(-’)‘) + 7/7-(/\’)('6)
D 402 S (T4 VA X Vb g™

xelpn ¢ Ho—~——
—a
{ T
maximize:
® |ts Dual: _
subject to:
1:- VNV\\»‘OL()

f h— f/\@}ua[(‘j CMSErn o
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Unconstrained Quadratic Program: Least Squares

® minimize: J(z) =227 Qz + ¢"x + qo
® Problem is convex iff () > 0

1
e When J is convex, it can be written as: J(z) = ||Q2z — y||* + ¢

o KKT condition:

® Optimal solution:
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Equality Constrained Quadratic Program

( min, J(z)=2'Qx+q'z+ q
subject to: Hx =nh
® The problem is convex if ) > 0
e KKT Condition:

® Standard form:

® Optimal Solution:
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General Quadratic Program
(

minimize:  J(z) = 21 Qz + gz + ¢
subject to: Ax <b

® Standard form:

® Dual problem:
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