MEEb5114 Advanced Control for Robotics
Lecture 3: Operator View of Rigid-Body
Transformation

Prof. Wei Zhang

SUSTech Insitute of Robotics
Department of Mechanical and Energy Engineering
Southern University of Science and Technology, Shenzhen, China

Advanced Control for Robotics Wei Zhang (SUSTech) 1/23



Outline

e Rotation Operation via Differential Equation

e Rotation Operation in Different Frames

e Rigid-Body Operation via Differential Equation

e Homogeneous Transformation Matrix as Rigid-Body Operator

e Rigid-Body Operation of Screw Axis

Outline Advanced Control for Robotics Wei Zhang (SUSTech) 2/23



Outline

e Rotation Operation via Differential Equation
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Skew Symmetric Matrices A<k’ = [a)e 1€

® Recall that cross product is a special linear transformation.

® For any w € R", there is a matrix [w] € R™*™ such that w X p = |w]p

w1 0 —Wws3 w9
w=| we | & lw =] ws 0 —w
w3 —Ww9 w1 0

® Note that@% skew symmetric

® |w] is called a skew-symmetric matrix representation of the vector w

® The set of skew-symmetric matrices ir@é {SeR>n . 8T = G}
A —~ e \1\—»\/_
® We are interested in case n = 2,3 Retekion matrix @ (§O(3)= { 2T - T
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Rotation Operation via Differential Equation

® Consider a point initially located at pg at time t =0

® Rotate the point with unit angular velocity w. Assuming the rotation axis
passing through the orlgm the motion is descrlbed by

W A ER s1)
B ) e x gt E ). with p(
/ [iqe;;/\ 0 S reell - A
X < .
7 dwa@ A’X ()= X
0 2 b ting & 2 (X&) !" A
A
ber=[w) %6‘) ? j A = [w) ar«“’"’
® This is a linear ODE with solution: = e[w

® After t = 0, the point has been rotated by ¢ degree. Note/p(0))= el

about w thro h 0 degree

The dizoussien \lgls ‘f"“ an‘\'] Ybf@nmc {rome.
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Rotation Matrix as a Rotation Operator (1/3)

&e244
T‘\\Ev/ery rotation matrix R can be written as R = Rot(w,0) £ el¥l? je., it

represents a rotation operation about @ by 6.
1"\'\3 Mot X 9'3' ‘U\e ‘F‘ﬂM é §065 >" { QTR-I dCﬂR)—K\; el‘ﬁgo :_ep = I
(ecmo ecmo>11 (@ (e ' (“ Rl ¢ BL8 T

® \We have seen how to use R to repre(ent frame orientation and change of

coordinate between different frames| They are querent from the

(“3&7’ -Fv’v'Jo

°‘ 3!

@ ef\_ CAT &f‘d&) ( e (o

® To apply the rotation operation, all the vectors/matrlces have to be
expressed in the same reference frame (this is clear from Eq (1))

operator interpretation of R.

“
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Rotation Matrix as a Rotaties\Operator (2/3)

(1 0 0] ]
® For example, assume R= |\0 0 — =(Rot(x; 7/2
1

® Consider a relatior’@:&g@_ -

- Change reference frame interpretation :(TWO ’fmmts{M, ‘{B’] ) DM ’PhjS"(m(
'R oriortatin 0§ @) velitig t- §A) 1€ RR, Nt 4

‘Then: P, 4 g Comlites S bhe some ot i (1Y anal (A} j
D p=la, 4% 1= Rp &4 =ty

- Rotation operator interpretation:
LR
cHowg one fome , anek two Poists . 4, —> g i /)_-_40! 9274
[AS. —
=R Ay
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Rotation Matrix as a Rotation Operator (3/3)

® Consider the frame operation:
- Change of reference frame:Rp = RR4

+ Havt  enre “'frme obyect: ’ , bwo mfemce ’ﬁnﬂl! 3
' bytot . \entorbot i1 {o? 8
Frome  objtot l{/”» o rientotion 4{ s 64 . Ry

- Rotating a frame: Ry = RRa

W0 7L}'ame 75\‘]36‘("5 . é\_’;z/
me Tefrine frome 45 L fars
Pa= R Ry . mme yrccf?f@, Ryr= R - B
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e Rotation Operation in Different Frames
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Rotation Matrix Properties Re$0(2)
* RTR=1  plefuitim

NN

* RiRy € SO(3), if Ri, Ry € SO(3) : product of wo xvotution mathices

VS afse a rvlatv matrix
& ) 3/
" Aok wes olretonce
* [[Rp— Rql|=|p—ql & rotutsn o prese

P4 £IR o/eff‘ﬂr‘éw RGO~ = (PO R (P> =1p-q™
I
® R(vxw)=(Rv) x (Rw)

& robation }arescrws o}ién-{a-f,‘zf
7
{ERT = () &)y
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Rotation Operator in Different Frames (1/2)

® Consider two frames {A} and {B}, the actual numerical values of the
operator Rot(w, §) depend on both the reference frame to represent w and
the reference frame to represent the operator itself.
/ , L
'/r;;> > P {@ >
® Consider a rotation axis @ (coordinate free vector), with {A}-frame
coordinate 4@ and {B}-frame coordinate Zw. We know

ONE

® Let PRot(?w, ) and “Rot (4w, #) be the two rotation matrices, representing
the same rotation operation Rot(w, #) in frames {A} and {B}.
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Rotation Operator in Different Frames (2/2)

® \\e have the relation:
—ANAA_—

ARot(A%, 0) =4 R Rot(? wm

st s g B L

Rot (%4 )S P

P’ B1- .
fj frmu( ﬂ)z %ﬁt(‘lﬁjﬁ) 67

Agwoch 20 1eall Feck . o e,
Arrr ; (:] . 747 f $7’:‘- Aﬁgaeo‘t(’) fB
R’ [M)es a 0
0& ) . {7 Re ) A73/ :/*Rb Bk’t(-)BPJ/?

(Ra)el® = g | —
[ ) { J R'm Moot (P0,8) = by @t (5, o)é;

/ W A J
RoJc(n\.g)_ (e _ CER\, = o RDOVRE 0 _ e[m]o,;ﬁ

*\9
et M = popo 1 :
Roll fat: e = plyl ok we lonmw (’mc(%)'
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e Rigid-Body Operation via Differential Equation
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Rigid-Body Operation via Differential Equation (1/3)

® Recall: Every R € SO(3) can be viewed as the state transition matrix
associated with the rotation ODE(1). It maps the initial position to the
current position (after the rotation motion)

- p(0) = Rot(w, 0)po viewed as a solution to p(t) = [W]|p(t) with p(0) = po at
t=20.

- The above relation requires that the rotation axis passes through the origin.

® \We can obtain similar ODE characterization for T' € SE(3), which will lead
to exponential coordinate of SFE(3)
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Rigid-Body Operation via Differential Equation (2/3)

TCtf)
® Recall: Theorem (Chasles): Everyyxigid body motion can be realized by a

screw motion D ) /l‘g TC SE(3)

® Consider a point p undergoes a screw motion with screw axis S and unit
speed (.= 1). Let the corresponding twist be V =& = (w,v). The motion

can be described by the following ODE. X B
pé) s 7 (s 2x? . gy r\/;"'\ ’
1 '(t):pr(M: [p)] [[w ””pg)]é’k (2)

&l ()= (ﬁ ()
p(t) o
1 — 7
g Peo= B e
e 7 Bg=el
a7 pomter =< P
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Rigid-Body Operation via Differential Equation (3/3)

® For any twist V = (w,v), let [V] be its matrix representation f w4 Y

L’)R‘~

B [Cd] v RZL}((/-
V= [ 0 o |
.E /\’ Ih
em=I+[ﬁ?‘.’J“‘iT /’7(” / |
® The above definition also applies to a screw axis S = (w,v) , f5]: [m\,]'. :,J

T TTe—

~

e With this notation, the solution to (2) is p(t) = €1'5(0)

7/9)2 CCS]& g/\)//o)
® Fact: @ € SE(3) is always a valid homogeneous transformation matrix.

O Nt - [(R. 7 Y = om e proved uss
= ° ‘}’ RESPS), PelR” & rtihs -4 metn

® [act: Any@é SE(3) can be written as T' = / i.e., it can’be viewed as &y
an operator that moves a point/frame along the screw axijat unit speed for
A

time ¢t 3
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se(3) 4 "/é/’zi- - pes=a) 5 M%)
y SelR — [ ) -
® Similar to SZ(?)), we can dgfm]e%(pe??))):( é aa L> Q&Joc_gg[s)

[‘w] QK(S_) = {([w],v) : [w] € s0(3),v € R}
v

)

[ﬁad
® se(3) contains all matrix representationof twists or equivalently all twists.

—_—

{

0 <

0

|

® |n some references,@s called a twist.

® Sometimes, we may abuse notation by writing V € se(3).
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e Homogeneous Transformation Matrix as Rigid-Body Operator
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Homogeneous Transformation as Rigid-Body Operator

® ODE for rigid motion under V = (w, v)
e a —all

p=vrwxp =i=| b 0|60 =50 = 50)

—=

® Consider “unit velocity” V :ﬂ then time ¢ means degree

f mrt gl Vesh|B0 Tes)

°* p = 1'p: “rotate” P about screw aX|s S by (9 degree| — C"f‘j mfwlném‘-w
0 pts : —
\ AWo p 07 97 I»\r’ns._ ("nfj 974 ’)B:S m/mﬂ?

of _ 0
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Rigid-Body Operator in Different Frames

® Expression of 7' in another frame (other than {O}):

T <
operation in {O} operation In {B}
AN A~

4 \
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e Rigid-Body Operation of Screw Axis
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Rigid Operation on Screw Axis

® Consider an arbitrary screw axis S, suppose the axis has gone through a rigid
transformation 7' = (R, p) and the resulting new screw axis is S’, then

S =[Adr]S

e

proof: ',.(’E"OL',L% Hﬁk's thﬁom mbi{mm ¢ {Aj '(YIM@
5=54.4),

ottoched <o Hie scrow ax )

o tho (vor dMale ‘}‘ S " A} S
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