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Outline

e Spatial Acceleration

e Spatial Force (Wrench)

e Spatial Momentum

e Newton-Euler Equation using Spatial Vectors
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Spatial Acceleration

® Given a rigid body with spatial velocity V = (w,v,), its spatial acceleration is

Cordinst G . [ 3 ] A= i Yot Ve
’ E0 &

Recall that:(v,)is the velocity of the body-fixed particle coincident with frame
origin o at the current time t.

Note: w is the angular acceleration of the body

Ve = 46 o gome W“)”f'\"“d P

is not the acceleration of{any) body-fixed point! bwt w # i({')

In fact,@gives the rate of change in stream velocity of body-fixed particles
passing through o
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Spatial vs. Conventional Accel. (1/2)

® Why “0, is not the acceleration of any body-fixed point”?

® Suppose ¢(t) is the body fixed particle coincides with o at time ¢,
fen=o
® So by definition, we have v,(t) = ¢(&), however, v,(t) # (&), where {(t) is

the conventional acceIera\téic;rze&f)&q(ejppquy—fixed point ¢
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Spatial vs. Conventional Accel. (2/2)
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® If q(t) is the body fixed particle coincides with o at time ¢, then we have

article coinc
2 i(t) {0@+ w(t) m
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Plicker Coordinate System and Basis Vectors (1/2)

™
® Recall coordinate-free concept: let ) € R? be a free vector with {o} and {X}
frame coordinate °g~and By
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Plicker Coordinate System and Basis Vectors (2/2)
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Work with Moving Reference Frame % Pt (see ~feorthorctoe)

o MW Mt wovk witlh $0Y ‘fmme 69 ’9\0("%2 oler'\/A‘("‘u/g
= ] : s 2 A o o ~ o
) we nerd 0o P (Ve "es, - €. ) = "% “’I[Ad'ﬁ:‘

e
-fm"( ha s SO tana, va(ac,p(,b Vb L?‘\ N R

Wt R = W)(P\ ? j’: Vtwx p o [RW:)= RCw) RT
[W\XWL‘] = tWIJerJ "[Wz_:] C"Vll ~ N~ Tocob! % ;A@,,~t"_f7

—_—

> After sme o wnt-; , (AJT) [(wj ’ —(f“’(’TD

(A (w)

(wy 0o ]
KA {w]
é{ L

Spatial Acceleration Advanced Control for Robotics Wei Zhang (SUSTech)

8 /31



TIIC : [ Wl 0O
v] 4

In Cmmhw fﬂ(:

Ben

)2B, e

| Ry

= Vg X QB!

= Wpx QRB

= y@?‘ ega .






Derivative of Adjoint

® Suppose a frame {A}'s pose is T4 = (Ra,pa), and is moving at an
instantaneous velocity V4 = (w,v). Then
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Spatial Cross Product

® Given two spatial velocities (twists) V4 and Vs, their spatial cross product is:

Vi x V) — W1 v w2 Ny w1 X W9
‘,1\(_/2 (2 V9 w1 X Vg + V1 X Wy
e Ymdees

® Matrix representation: Vi X Vo = [V x|Vs, where

vz | o

® Roughly speaking, when a motion vector V is moving with a spatial velocity
Z (e.g. it is attached to a moving frame) but is otherwise not changing, then

V=2ZxYV
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Spatial Cross Product: Properties (1/1)

® Assume A is moving wrt to O with velocity V4

OXA = [OVA X]OXA

 [XVx]|= X[Vx|X?', for any transformation X and twist V
———

Rv] = R (w) RT

Vied
LW
I

Spatial Acceleration Advanced Control for Robotics Wei Zhang (SUSTech) 11 /31



Spatial Acceleration with Moving Reference Frame

Consider a body with velocity Vpoq, (Wrt inertia frame), and Vyoayy and “Vioa, be
its Pliicker coordinates wrt {O} and —
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Spatial Acceleration Example
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Outline

e Spatial Force (Wrench)
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Spatial Force (Wrench)

® Consider a rigid body with many forces on it and fix an arbitrary point O in
space

® The net effect of these forces can be expressed as
- A force f, acting along a line passing through O

':f‘=2'§1' R -

- A moment no about point O
N~

— D
nelR’ No = ?( Op) X5,
® Spatial Force (Wrench): is given by the 6D vector

V2 Vot v o7

|
Wllc\,+ ?j- w¢ thg( wferwc )raiﬁ +<

@: %(ﬁ)x-gt = flo + 'Z(‘(—I;? “6?3 x4£.
:ng—L 'i—(?x ?ﬁ-:ﬂa‘f‘é?xj&
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Spatial Force in Pliicker Coordinate Systems =fo+ Jx 072

® Given a frame {A}, the Pliicker coordinate of a spatial force F is given by
B}f - gnos
5

e Coordinate transform: AF = AX*®F where AX* = X, 1

ff =" ¥ =0
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Wrench-Twist Pair and Power Z.__“j\, P=fTv = <f.v>

® Recall that for a point mass with linear velocity v and linear force f. Then we
know that the power (instantaneous work done by f) is given by f-v = flv

® This relation can be generalized to spatial force (i.e. wrench) and spatial
velocity (i.e. twist)

® Suppose-a rigid body has a twist 2} = (“w,"v,, ) and a wrench
AF = (Z%,Af) acts on the body. Then the power is simply

D=0 7= FT
4 Gx( x|

Stalpar 6x|
—~ /A T i, TAHA
_.( W) 'mA + 4\/% f
~— v
Yotption~
fyov\/W
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Joint Torque

e Consider a link attached to a 1-dof joint (e.g. revolute or prismatic). Let S
be the screw axis of the joint. The velocity of the link induced by joint

motion is given by:V = SO 7:2 ﬁ) Y
77/ /

® F be the wrench provided by the joint. Then the power produced by the

joint Is _
royr Gl
>

> (59) F
C—

'@: STF = FTS is the projection of the wrench onto the screw axis, i.e. the
effective part of the wrench.

=T selr

e Often times, 7 is referred to as joint "torque” or generalized force
T D e

1
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Outline

e Spatial Momentum &
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Rotational Inertia (1/2)

® Recall momentum for point mass:
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Rotational Inertia (2/2) mma &=
I'= [pe(r)] @

- p(+) is the density function of the body s morbrin
thependls o
ooovil 093

to ﬂprzxm Y.

® Rotational Inertia:

- I depends on coordinate system

- It is a constant matrix if the origin coincides with CoM
——

b

whet's it Lon Gom 2
C20M = %“—Jf@\) v dv

( .
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|
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Spatial Momentum s v

® Consider a rigid body with spatial velocity Vo = (w,u@) expressed at the
center of mass C why? =

_ | . = \/ I = S Ve ~ . A
Linear momentum.rLQ m (»L L ‘Z\ mvy -?msi\k* W"C?«.)‘

- Angular momentum about CoM: o

l =)
\?gv-'@/v ( (#C. “ ;'I. X m - 2— C?i X @4:VC + m;

- Angular momentum about a point O:\ 3 Wx C‘)'f )

— A
H{,; 2 OY;K(M\-\R):‘: +c+o—2x\_ @&% t Swm (R xwxr?
i w 7 o0 =7

® Spatial Momentum:uy = T

\

vc
\Vv\
mass. m

rotational
oC =e¢ inertia: I¢
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Change Reference Frame for Momentum

® Spatial momentum transforms in the same way as spatial forces:

/5 \?‘%S') Ah = AXEh
)6:5
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Spatial Inertia thirk abook nerbn wedrine as wapping

" — F
® |nertia of a rigid body defines linear relationﬁihip betwgqn velocity and
A\
momentum. : wreAuh
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Spatial Inertia M E

® Spatial inertia wrt another frame {A}: U

[%: AX@CIC)Z\
1 - -

wheu {M hes same  oritntotim 0'} Em  fmme
® Special case: “R¢g = I3

we know /xxb: Lo o

& -
(r) 5

Kl_7 M = CT 4 m[”’]’%ﬁ‘f{f rlA j"(’i}’c] ]

M ) ™
| CI?C | I;X}
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Outline
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Cross Product for Spatial Force and I\/I)ﬁbmentum
\J
Assume frame A is moving with velocity “)V4 i x e .
o 4[LF| =% (“F)+YxAF then | g, —‘—@Qm

dt —dt
e - & o \
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o A[4p] = 4 (4h) AV,
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Newton-Euler Equation
aet octtrad F
WL

IS\;,@%E;‘?;VX*I?J 2 & ””{7

® Adopting spatial vectors, the Newton-Euler equation has the same form in
any frame /

: ‘3']: L {-@x“ 0% (evm when By s ooy from (-m )

® Newton-Euler equation:
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Derivations of Newton-Euler Equation
| Bssume:  {RY attached <o the hh&

My\ S V= ')/bdy BY s comstant
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More Discussions
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More Discussions

Newton-Euler Equation Advanced Control for Robotics Wei Zhang (SUSTech) 31 /31



